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Chapter 1

Introduction

The management of energetic resources has been one of the most important and contro-
versial topics of 2022. The start of the Russian-Ukrainian conflict brought widespread
consequences to the global energy economy that will last for a long period of time. Cit-
ing the International Energy Agency Executive Director, “Energy markets and policies
have changed as a result of Russia’s invasion of Ukraine, not just for the time being, but
for decades to come”!. Furthermore, the economic effects are felt on all levels of society.
Countries, especially in Europe, need to ensure the supply of the necessary energy re-
sources from new providers, and the large increase in oil and electricity prices is posing
a big threat to energy-greedy businesses and private households.

Nevertheless, the current energy crisis is not the only reason for concern. The main
sources of electricity production are fossil fuels, for example, coal and natural gas (see
Figure 1.1). These resources are limited and produce countless environmental issues,
and therefore, a shift to a more sustainable energy supply is needed, especially to tackle
the urgent issue of climate change. One of the obvious solutions would be to rely on
renewable energy. However, the availability of electricity produced by renewables is not
as reliable as for fossil fuels or other types of energy sources. Managing these resources
requires a thorough analysis of the weather and environmental conditions and also of
the energetic requirements of certain areas.

To solve these problems, intelligent management of electricity production is necessary.
To help with operations and decision-making, electricity providers and policymakers
rely on accurate demand and supply load forecasts, and these forecasts are especially
important since electricity is a good that is difficult to store. In particular, for long-term
decisions, which may include building a new hydroelectric power plant or relying on
the import of electricity for the next 10 years, a long-horizon forecast is required. This
kind of prediction, called Long-Term Load Forecast, is usually used for large areas and
economic and socio-economic information is adopted.

Conversely, in this thesis, the focus is set on Short-Term Load Forecasting (STLF)
algorithms. In this type of forecast, the prediction horizon is much shorter, and can
usually go from one hour to two weeks ahead. These forecasts are pivotal to organising
the electrical grid and making sure that the electricity generation matches the demand
in the very near future, thus preventing useless waste of energy. In particular, Short-

!Fatih Birol, IEA Executive Director, during the press release on October 27th 2022.
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Term Load Forecasting determines the amount of electricity that is generated in a given
moment, and from a retailer’s perspective, it regulates the purchase of electricity, while
from a consumer perspective, individual load forecasting can reduce the cost of the
electricity bill.

STLF has been studied thoroughly in the last decades and numerous papers have
been published proposing innovative methods and revising the state-of-the-art, and sta-
tistical models or machine learning algorithms are commonly used for the prediction.
Typically, these predictions consist of single-value forecasts, although it is becoming
more common to find publications that focus on creating probabilistic forecasts, so that
not only the load value is predicted, but the whole distribution as well. This enables the
user to obtain confidence intervals and perform a probabilistic analysis of the forecast.
Also, most algorithms rely on univariate load forecasts, even though predicting the load
for more buildings or regions simultaneously may enhance the prediction accuracy.

All these considerations have led to an analysis of electricity load forecasting based
on State-Space Models. These models are robust statistical tools that enable to forecast
the load and enhance the predictions with the help of additional information that is
available to the forecaster. In particular, this information can be in the form of meteo-
rological data, electricity prices or even socio-economic factors. The first model that has
been developed is the MAPLF model, which consists of a generalization of the model
present in Alvarez et al. (2021) using multivariate Gaussian distributions, which enables
the creation of multivariate probabilistic forecasts that are easy to use and analyse.
Given the similarities that emerged with Kalman Filtering, a comparison between the
two methods was conducted. Ultimately, a third novel forecasting method, named the
Inverted State-Space Model, was developed and added to the comparison.

In the remaining sections of Chapter 1, an introductory analysis of electricity fore-
casting is proposed. In Section 1.1, a brief analysis of the electric power industry and the
different types of energy forecasting is presented. Section 1.2 discusses the applications
and the driving factors behind Short-Term Load Forecasting. Finally, in Section 1.3,
several STLF techniques from the literature are described.

In Chapter 2, the State-Space Model framework and the forecasting algorithms are
introduced. In Section 2.1, State-Space Models are defined, and the significance of the
variables in load forecasting is shown. Section 2.2 shows the first forecasting technique,
namely Kalman Filter, which is a widely used algorithm for prediction. Section 2.3
describes the second forecasting technique, MAPLF. In Section 2.4 the third forecasting
technique is presented, which is another generalization of the Kalman Filter algorithm.
In Section 2.5, the recursive Vector Autoregressive model of order 1 is introduced and will
serve as a benchmark method. Then, Section 2.6 describes how the Gaussian distribu-
tions that are present in the models are learnt, with a focus on recursive online learning,
and in Section 2.7, a brief analysis of the computational cost of the four forecasting
algorithms is presented.

Chapter 3 applies the techniques that have been introduced in the previous chapter
to a multiregional load forecasting scenario. In Sections 3.1 and 3.2, the ISO New Eng-
land dataset is described and analysed, and an exploratory analysis of the relationships
between variables is carried out. In Section 3.3, the evaluation metrics that will be used
to analyse the forecasting algorithms are illustrated. Section 3.4 shows the results of



the forecasting techniques in a univariate scenario, in which the aggregated load has to
be forecasted. Here, the impact of the type of day and of the meteorological variables
is shown. In Section 3.5 the same procedures are applied to the multivariate dataset.
First, the influence of global and regional temperatures is discussed. Then, an analysis
of the accuracy of the algorithms is proposed. Section 3.6 shows how the accuracy of the
multivariate forecasts changes when the forecast horizon is modified. Finally, in Section
3.7, the conclusions are drawn.



1.1 The electric power system

1.1.1 The electric power industry

Nowadays, the electric power industry has become a huge highly interconnected business.
It comprises all the different units that compose the energy market, from the giant
generators to the low-power electric devices, and all the different actors, from the big
energy providers to the local consumers.

The electric power industry consists of four processes that enable the end user to
have access to electricity.

Electricity generation

The production of electricity is the foundation of the whole electric power industry. It
takes sources of primary energy and turns them into electric energy. For example, it
can take raw resources like coal and turn them into energy thanks to combustion, or
renewable resources like wind and create electricity via kinetic energy.
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Figure 1.1: Global electricity generation by source, 1990-2019.
The figure has been obtained from the IEA official website.

Figure 1.1 shows the total electricity generation in the whole world from 1990 until
2019, and in particular, the figure shows the quantity (in GWh) that each source supplies
to the global system. It is evident how fossil fuels like coal (especially in China and
India) and natural gas make up the majority of today’s global supply and this quantity
is looking to increase in the near future. Renewable energy resources like hydro, wind,
and solar are increasing their importance in the system, but they still take only a small
percentage of the total supply.

Electric power transmission

Electric power transmission is the first step in the delivery of electricity from the power
plants to the end users. The transmission line covers the segment from the generation
facilities to the local substations. The transmission line is characterized by the use of
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a high-voltage current, since it reduces electric losses significantly, especially for long
distances. Not every power plant is connected to the transmission line. Usually, power
stations that are located near cities are linked directly to the distribution line.

Electric power distribution

The distribution line is the second step of the delivery process, and it carries electricity
from the electric substations to the consumers. This line is characterized by medium
to low voltage and the current coming from the transmission line is converted in the
substations using transformers. It consists of primary and secondary transmission lines.
The first delivers medium voltage current from the transmission line to distribution
transformers located near the customers or directly to high energy-demanding customers
such as industries. The second carries the electricity with utilization voltage from the
distribution transformers to the individual users.

Electricity retailing

The final step of the electric power industry is the sale of electricity to individual cus-
tomers. This phase may be carried out by public or private organizations and the market
can be regulated or deregulated. Historically this process was subject to monopoly reg-
ulations, but in the last few decades in many countries, there has been deregulation of
the electricity market.

The retailing phase involves a big variety of consumers, from individual households
to big industries. As shown by Figure 1.2, in the global electricity market, the biggest
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Figure 1.2: Global electricity consumption by sector, 1990-2019.
The figure has been obtained from the IEA official website.

share of electricity is sold to the industrial sector. The rest of the electricity is then
mainly sold to the residential user and to commercial and public services. From this
figure, we can also observe that the global electricity market is continuing to grow.
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1.1.2 Types of energy forecasting

Managing such a complex system is a gigantic effort and it is a fundamental component
of our everyday life. To supervise such a system, there is the need to provide various
forecasts, in order to take actions and decisions regarding the provision of electricity
more accurately.

Electric load forecasting

The most important type of prediction that is required in the electric power industry
is the forecast of the electric power load. Since electricity is a good that is difficult to
store, the quantity of electricity that is generated for a given moment in time should
match the demand as accurately as possible. For this purpose, having solid forecasts for
the future load demand allows to better organise energy production.

Load forecasting is typically classified into three classes depending on the time hori-
zon of the prediction.

e Long-term load forecasting focuses on a one-year to ten years horizon. This
type of forecast is typically used in electric power system planning for decisions
about new power plants. For example, if the forecast shows a significant increase in
electricity demand in the next years that cannot be covered with the current power
generation facilities, a new power generation station needs to be constructed. In
this case, forecasting also helps in the decision about the location of the plant, its
size, and the source of energy that will be used. This type of forecast is usually
used for decisions that involve large geographical areas and the external variables
that are considered are for example the GDP, population rate increase, etc. (Seifi
and Sepasian, 2011, Ch. 4).

e Medium-term load forecasting focuses on a monthly or yearly horizon. This
type of forecast usually handles the monthly scheduling of maintenance operations
and fuel provision. The maintenance of electricity generating facilities needs to
be planned months ahead, in order to organise how to account for the power that
will be missing. Fuel provision needs to be planned months ahead as well, and
in a competitive market, it usually combines load forecasting together with price
forecasting so that the revenue received from sales exceeds the cost of production
(Wood et al., 2013, Ch. 12).

e Short-term load forecasting can be used on very different scales, and it ranges
from forecasts that predict the load for the next minutes, or even seconds, to
forecasts that have a daily or weekly horizon. These predictions are usually used
to take actions regarding the current energy demand and supply.

Electricity price forecasting

Since the deregulation of the energy market, electric power providers had the neces-
sity to acquire accurate price forecasts to manage their bidding strategy. Electricity is
usually more costly when demand is high, i.e. during demand peaks, and is usually
more affordable when the demand is low. Knowing where and especially when to buy
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electricity from the producers can put a company at a significant advantage over its com-
petitors. Moreover, price forecasting is useful also for entities that generate electricity
for production scheduling.

The price of electricity is extremely unstable and this volatility is the reason why
forecasts that increase the accuracy even by a small amount can generate important
savings for the companies that operate in the electric market. There are different driving
factors that influence the cost. The main one is probably the weather since cooling
and heating are the most important uses of energy that will vary from day to day.
Another important variable is the availability of renewable resources. Other causes
include planned or unplanned outages, government regulations, etc.

Renewable power forecasting

As we mentioned above, the availability of renewable resources is one of the important
variables in the prediction of electricity prices. Hence, predicting the amount of energy
that will be produced by renewables such as wind and solar plays a very important role
in the energy system. In contrast to load forecasting, in these models, the aim is to
predict power generation instead of electricity demand.

Wind power forecasting is really important especially when wind farms generate a
significant percentage of local power production. For example, if for a given day there is
little wind, it is necessary to find alternative energy sources that substitute the amount
of energy that is missing. As we may expect, wind power forecasting depends mainly on
the weather conditions, and in particular, on wind speed and direction. Therefore, these
forecasts depend heavily on weather forecasts, usually obtained thanks to Numerical
Weather Prediction models, which are mathematical models that simulate the physics
of the atmosphere and the oceans. Other models are usually based on statistical or
machine-learning techniques.

Likewise, also solar power forecasting is very important for the management of elec-
tricity sources. Moreover, solar power is generated only during the daytime and since
electricity demand often peaks during the evening, this source of energy cannot be used
and other supply sources need to be found. Also, solar power predictions depend neces-
sarily on the weather conditions, and in particular on the sun’s path, the atmospheric
conditions, and the light scattering. Furthermore, the amount of energy that is pro-
duced depends also on the conditions of the plant, and often a statistical model is used
to predict the power output of a given photovoltaic power station using as input the raw
solar resources.

1.2 Short-Term Load Forecasting
From now on, we will primarily focus on energy load forecasting. In particular, we will

be looking at Short-Term Load Forecasting (STLF).

1.2.1 Applications

As we have seen in the previous section, load forecasting is fundamental for the manage-
ment of the electric industry. Short-term load forecasting plays an especially important



role since the current managing operations of the electricity system depend highly on it.
Short-term predictions can be used in numerous applications and, depending on their
purpose, they can have different time horizons.

Automatic Generation Control serves as a tool to balance the generation of electricity
from different plants and the total load demand in a very short time. The possible
discrepancy between demand and generation is observed by measuring the power line
frequency of the current. In order to re-balance the system, AGC takes into consideration
many different aspects, from the type of power station to the cost of producing energy
from a certain source. Among this information, STLF helps in deciding the generated
output from each plant by predicting the load demand in the next minutes. In particular,
a forecast horizon of 15 minutes, with time intervals of approximately 5 seconds is used.

When managing an electric power system, operations need to be planned ahead
if possible, and Unit Commitment is part of this planning. Decision makers need to
determine which plants should be active in the following days, and this will be done by
taking into consideration the plants that are not available for scheduled maintenance or a
sudden outage, the cost to maintain a certain plant active and the generation capacities
of the plants. This planning is of crucial importance, mainly economically, since having
more units that are committed than the ones that are needed has a significant cost. To
decide which units to commit to at a certain hour of the day, it is important to know
the load demand on the system for that hour, especially for peak hours. Since power
plants take time to be activated, short-term load forecasts are used to predict the load
demand for the next few days. The load forecast can be for a few days or even a few
weeks, and the time interval is usually one hour.

There are other applications that may consider different time periods. Economic
dispatch determines the optimal generated electrical output to match the demand, while
at the same time minimizing the operational costs of the power plants. The horizon is
usually of the next hour, while the interval is of 30 seconds. Optimal Power Flow serves
the same purpose of balancing power generation and demand, taking into consideration
the thermal limits of the transmission lines, together with voltage and electrical stability
constraints. Also in this case STLF is useful and the forecast horizon is a maximum of
two days, while the forecast interval is of about 5 minutes (Wood et al., 2013, Ch. 12).

1.2.2 Driving factors

Many different elements influence the electrical load demand. In Fahad and Arbab
(2014) the authors summarise the most important factors that determine the quantity
of electricity that is needed in the system.

Weather

Weather plays an important role in determining the need for electricity. This is because
a large part of the electricity produced is used for either heating or cooling.

The temperature is probably the most meaningful meteorological variable. The needs
for heating and cooling directly depend on the temperature. In winter, a decrease in
temperature will correspond to an increase in load demand, while the opposite happens
in summer. In fact, usually, a piecewise linear relationship is used to describe the
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correlations between the load demand and the temperature (Fan et al., 2009). For hot
days, a positive linear relationship is present, while for cold days, the linear relationship
is negative. As stated by Fahad and Arbab (2014), the division between positive and
negative correlation is around 20°C-25°C, while for Fan et al. (2009) it is around 15°C.

Humidity is another factor affecting load demand. The main consequence of humidity
is making hot days be perceived as hotter, increasing the need for Air Conditioning, and
equivalently making cold days be perceived as colder, increasing the quantity of power
used for heating.

Precipitations also influence energy consumption. First of all, during a rainy day,
people are keener to stay inside and therefore the electricity consumption for home
entertainment will increase the overall demand. Secondly, the rain will usually decrease
the temperature, leading to the consequences we described before. Also the wind plays a
role. The presence of wind, and in particular its speed or the so-called wind chill index,
may decrease the apparent temperature, thus increasing or decreasing the consumption
depending on the season. Finally, also cloud cover may influence the load demand,
reducing the temperature during the day, but trapping the heat during the night.

Time

Time is without a doubt the main factor that determines the need for electricity at
a certain moment. As stated above, the temperature has a relevant effect on electric
consumption. Therefore, seasons play an important role in the amount of electricity used
for heating and cooling. Even events like the start of the school year may significantly
influence the demand.

Another important time variable is the type of day: during work days, the total
consumption is usually at its peak, while during weekends and holidays the demand is
significantly lower. This is particularly true for the influence that industries and other
companies have on total consumption since they usually operate only on weekdays.
The opposite behaviour may be observed when looking at residential buildings, because
during weekends and holidays people may stay at home for longer periods of time, leading
to an increase in energy consumption.

Nevertheless, when doing short-term load forecasts, the hour of the day is the most
important variable to consider. Load demand usually shows a daily cyclic pattern, in
which the demand is low during the night when most people are asleep, whereas during
the day consumption becomes much higher leading to one or more peaks. Forecasting the
time and size of the peaks is one important aspect to focus on, because it is the moment
of maximum demand, and the power generation facilities must be able to satisfy the
need. The peaks depend on many conditions: for example, during winter, heating is
needed the most during the morning and the evening, and the peaks are usually present
in the evening, while during summer, the highest temperatures are present in the middle
of the day, leading to peaks in electricity demand for cooling purposes. Also, the type
of day and type of building affect the peaks: in a workday, residential consumption
during the day is often close to zero, and the same happens in most industries during
the evening and the night.



Economic factors and occasional events

When looking at the load demand, it becomes clear that also economic variables influence
the system. First of all, the development and industrialization of a certain area affect
consumption, since often industries are responsible for the biggest share of energy needs.
Following the same reasoning, when looking at the demand for a single building also the
type of construction plays an important role since industrial or agricultural buildings
have different consumption patterns than residential ones.

Also the price of electricity is an essential part of the demand dynamic, and when the
price is high, demand may be reduced, especially by domestic consumers. Furthermore,
in cases in which there is time-of-use pricing, with more affordable costs during the
night, users may adapt and decide to increase their consumption during these hours.
This will flatten the curve, decreasing the usually big difference between day and night
consumption.

Furthermore, occasional or unpredictable events can affect the load demand as well.
For example, with the current electricity crisis of 2022 that followed the start of the
Russian-Ukrainian conflict, electricity prices spiked to record high values, and conse-
quently, many European countries are trying to overcome the related issues by cutting
unnecessary electricity consumption. Other unpredictable events that could lead to sud-
den changes in electricity consumption are for example unforeseen outages, religious
and cultural events like Christmas or special TV programs like the Super Bowl or the
Champions League final.

In this thesis, we will use data on the electricity consumption taken from the New
England (US) region, which we obtain from the ISO dataset that was used in Hong et al.
(2019). Chapter 3 will present an exploratory analysis of the data, and in particular, we
will analyse the load in different seasons and in different hours, and we will study the
relationship between the load and the temperature.

1.3 STLF techniques

1.3.1 Single-value forecast

The literature about short-term load forecasting algorithms is huge and growing. There
are many different techniques, each one having its strong and weak points. Historically,
the techniques were developed and used to produce single-valued forecasts, while nowa-
days many algorithms are designed to output a probabilistic distribution. Let us start
by focusing on single-value forecasts. No method has proven to be the best, and often
the choice of the algorithm depends on its application. For example, in Jacob et al.
(2020) the focus of the book is the development of forecasting algorithms that work
well for individual buildings, and the authors display several state-of-the-art methods.
Nevertheless, STLF is usually used to forecast the load of an area that comprises many
different buildings since it is easier than doing it for a single building. This is because the
aggregated curve is significantly smoother and more predictable. In Wang et al. (2019)
and in Mirowski et al. (2014) the authors create a review about different data analytics
that are performed using data collected from Smart Meters, and in particular, different
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Load Forecasting methods are described. In Upadhaya et al. (2019) a brief systematic
review of different STLF techniques is performed, analyzing more than a hundred re-
lated articles published on the IEEE portal. In Salleh et al. (2020) a systematic review
of machine learning techniques is proposed, in which they analyze articles from IEEE,
Science Direct and ResearchGate.

Single-valued forecast techniques are usually divided into statistical techniques and
machine learning techniques. The first ones are simpler and more interpretable, while
the second ones are more flexible and enable the modelling of non-linear relationships.

Linear models

Multiple linear regression models have been among the most used models for forecast-
ing purposes, especially in the past. Their simplicity and their interpretability are the
reasons they are still used today, and sometimes they manage to achieve relatively ac-
curate results. The linear model is usually constructed using the current load as the
response variable and several different variables as regressors. For example, temperature
and other meteorological data may be used, together with information about past loads,
the hour of the day, the type of day, etc.

AR, ARMA, SARIMA and similar models

One way to treat the problem of load forecasting is to look at the demand in the form of
a time series. In contrast to linear models, this enables to account for the dependency
between an observation and other observations in the past. Autoregressive (AR) models
enable us to treat demand at a certain time point as a linear model of the p (where p
is called the order of the AR model) previous observations. This allows us to better
represent the daily cyclic pattern of load demand. Also, modifications of AR models
are often used. For example, in Li et al. (2015) they use an AR model with a high
order to model the time dependencies and afterwards they apply the LASSO regression
algorithm to select only the most relevant times.

ARMA models are also used, and more generally Seasonal AutoRegressive Integrated
Moving Average (SARIMA) models are usually adopted in this case, since these models
are able to capture the daily pattern of the time series. Often, SARIMA models with
exogenous variables (SARIMAX) are used, in order to add the dependency on other
variables such as temperature, wind chill, etc. For example, in Kim and Kim (2021) the
authors use ARIMA and VAR models to predict the loads, using also information from
an exogenous variable which is the amount of internet trafficking.

Other modifications of time series models can be used. We just mentioned that in
Kim and Kim (2021) they use a VAR model, that is a Vector Autoregressive model.
These models are used when instead of a single time series, we want to model multiple
time series at the same time, considering also the correlations between them. Other
alterations can be found: for example in Jeong et al. (2021) a 24-hour prediction is
performed in one step, modelling the dependencies between the different hours using a
logistic mixture vector autoregressive model.
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Exponential smoothing models

As described in Jacob et al. (2020), exponential smoothing models may also be used. In
this case, differently from a moving average in which the past observations are weighted
equally, we assign exponentially decreasing weights over time. This makes the model
more dynamic to seasonal changes. Other types of exponential smoothing models can
be used, like the double or triple exponential smoothing (the latter is also referred to as
the Holt-Winters model) to model also intraday and intraweek seasonality.

Support Vector Regression

Let us now look at so-called machine learning techniques. Support Vector Regression is
a tool that originates from Support Vector Machines, which are classification methods
based on the maximum-margin separating hyperplane. In a regression context, SVMs
search for the best function that approximates the observations with a certain error
tolerance. Usually, input data is mapped into a higher dimensional feature space, so
that non-linear solutions can be found. In Vrablecova et al. (2018), an online version of
Support Vector Regression is used for the prediction of Smart Grid consumption.

Multi-layer Perceptron

Multi-layer perceptron (MLP) is the simplest example of an Artificial Neural Network.
It is an acyclic neural network that links a layer of input nodes to a layer of output
nodes. In between these two layers, some hidden layers are used. The more layers
there are, the more deep the architecture and therefore the complexity of the model
becomes. This may lead to more accurate results, but also to more parameters and thus
a higher computational time. The weights of the layers are learnt via an algorithm that
is called backpropagation, and non-linear relationships between the different layers are
learnt using the so-called activation functions, for example, the Sigmoid or the ReLu
functions. Jacob et al. (2020) describes briefly two load forecasting algorithms that use
MLPs with 24 output layers to forecast the hourly load.

Recurrent Neural Networks

A more appropriate type of neural network for studying time series is the Recurrent
Neural Network. These networks can contain cycles and are designed specifically to re-
trieve interesting information from past observations that can be useful to predict future
values. In particular, Long Short-Term Memory (LSTM) RNNs are often used for this
purpose. These models enable the learning of trends associated with human behaviour
and this will often lead to good accuracy results. For example, in Guo et al. (2022)
the authors construct different bidirectional LSTM models to predict different sources
of energy, that are subsequently fed to a multi-task learning pipeline. The accuracy of
this model is significantly higher compared to other state-of-the-art algorithms.

Other RNNs may be used. For example, instead of an LSTM, in Niu et al. (2022) the
authors use a bidirectional Gated Recurrent Unit (GRU) with an attention mechanism,
paired with a CNN, to produce accurate forecasts for Integrated Energy Systems.

12



1.3. STLF techniques

1.3.2 Probabilistic forecast

As mentioned above, significant effort is now put into the development of techniques
that output a probabilistic forecast instead of a single-valued one. Load demand is un-
predictable in its nature, and the single value that is forecasted by many techniques is
often unreliable. In fact, while load depends greatly on the time patterns such as time
and season, short meteorological variations can strongly influence the accuracy of the
prediction. This is why probabilistic forecasts are now preferred to single-value ones,
especially for real-life applications. Nowadays, many industrial operations require prob-
abilistic forecasts as input for their algorithms. For example, this type of prediction is
used for probabilistic load flow analysis, unit commitment and for reliability planning
(Hong and Fan, 2016). The output of a probabilistic forecast can be in the form of
quantiles, intervals or density functions. A complete review of probabilistic electricity
load forecasting has been published in Hong and Fan (2016), and this review also con-
tains an analysis of single-value load forecasting. Another briefer review of probabilistic
STLF techniques has been developed in Zhu et al. (2021), where the authors describe
probabilistic forecasting methods for wind and solar power generation forecasts and for
load forecasts.

Now we will describe two non-parametric approaches and one parametric approach
that are widely used methods for probabilistic load forecasting.

Kernel density estimation

Kernel density estimation is a non-parametrical statistical technique that estimates the
entire probability density function using so-called kernels as weighting functions. These
methods can be unconditional, only using data from historical observations of the vari-
able, or conditional, in which external variables such as day or temperature are used.
An important analysis needs to be put into the choice of the kernel function, like for
example Gaussian or biweight kernels, and also on its bandwidth (Jacob et al., 2020).

Quantile regression

Another non-parametric technique is given by quantile regression. This method is of-
ten used for regression when the assumptions of linear regression such as linearity, ho-
moscedasticity, etc. are not satisfied. In these cases, the median is usually forecasted.
Nonetheless, this method can be used to forecast any conditional quantile, and therefore
using different quantiles, we can create different probabilistic forecasts. In Bracale et al.
(2019) the authors propose a two-step online multivariate quantile regression algorithm.

State-space model

In paper Alvarez et al. (2021) called Probabilistic Load Forecasting Based on Adaptive
Online Learning, which will be the reference paper for one of the methods developed in
this thesis, the authors use a state-space model. This model is made of one observable
sequence that contains variables such as weather conditions for a given time, and one
hidden chain that represents the electricity load for that time. The two chains are then
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modelled using two Gaussian probability distributions for each hour of the day, and the
forecast is given by another Gaussian distribution with a certain mean and variance.

A similar approach is presented in Sharma et al. (2020), in which a so-called Blind
Kalman-Filter algorithm is used to produce the Gaussian forecasts. This method is very
similar to the Kalman Filter approach that will be defined in Section 2.2, with the slight
difference that in this paper, the authors additionally use a Bayesian Smoothing step to
update the predictions.

1.3.3 Qualitative forecast

As described in (Wood et al., 2013, Ch. 12), qualitative methods consist of forecasts
that are based on the personal judgement or opinion of one or more experts. These
methods are only used when little to no historical data is available and include subjective
curve fitting, Delphi method, and technological comparisons. It may be used during
unprecedented occurrences, like special events on TV.

1.3.4 Adaptive forecast

When developing a technique for load forecasting, training the model over the historic
data and then predicting the future demand using always the same model can lead
to inaccurate results. This is due to the fact that dynamic changes in consumption
patterns cannot be detected using a static model. Adaptive forecasts overcome this issue
by adjusting the model using the most recent available data. In this case, the training
occurs online, which means that the parameters are updated continuously, in contrast to
the previous static offline training procedure. As described in Alfares and Nazeeruddin
(2002), Kalman Filtering applied to regression analysis is usually employed. When using
a linear model, the Recursive Least Squares (RLS) algorithm has been adopted for online
learning. Also Weighted RLS is often used, since it allows to put a higher weight on the
most recent observations, enabling the model to adapt to the dynamic patterns.

In the probabilistic state-space models that we mentioned before Alvarez et al. (2021);
Sharma et al. (2020), the parameters of the several Gaussian distributions are learnt
online using a set of recursive equations. Also in Bracale et al. (2019) the parameters
are learnt adaptively. In Obst et al. (2021) the authors use two adaptive algorithms
based on Generalized Additive Models to forecast consumption during the COVID-19
lockdown period in France. At first, they construct the adaptive forecast using Kalman
filters. Afterwards, they use consumption data during the lockdown period in Italy
combined with transfer learning, to improve the forecast of the French demand. Thanks
to the use of these adaptive models, they manage to adapt the predictions to the sudden
change in consumption given by the pandemic.

1.3.5 Hierarchical forecast

With the huge amount of granular data that smart meters provide to today’s electric
companies, a deeper study of the influence of the different levels of aggregations can
be pursued. In particular, smart meters collect data about the consumption of sin-
gle households, and this information can then be aggregated into larger areas, such
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1.3. STLF techniques

as neighbourhoods, cities and regions. For these reasons, hierarchical load forecasting
has emerged, in which the goal is to predict the load in larger areas using information
contained in the data at a lower level of aggregation.

Single smart meter time series is usually highly volatile and skewed. To predict such
a series, further effort should be put into establishing the right load forecasting method,
especially to forecast the peak demand (Jacob et al., 2020). Aggregated series are much
smoother, showing seasonality and weather-dependency patterns, and are therefore eas-
ier to predict. Nonetheless, when the goal is to predict the aggregated load, it is often
best to use a lower level of aggregation. In fact, as described in Fan et al. (2009),
when forecasting the load for a large geographical area, weather variations across dif-
ferent locations require the use of different models for different regions. Then the total
aggregated forecast is given by the aggregation of the single forecasts.

In the Global Energy Forecasting Competition, hierarchical load forecasting has been
one of the prevalent problems that have been proposed. In particular, both in the first
edition in 2012 (Hong et al., 2014) and in the last one in 2017 (Hong et al., 2019), the
participants were asked to create a hierarchical probabilistic forecast.

1.3.6 Multivariate forecast

Even though the data, especially the one collected from smart grids, contain historic
loads for multiple buildings or regions, most techniques only consider the prediction
models using one single time series at a time. Nevertheless, using information from
other buildings/regions may be a good way to improve prediction accuracy. Predicting
multiple loads simultaneously, by considering the information between similar users’
behaviour, could lead to a significant improvement. For example, if we consider a house
that has very noisy historical load data, the knowledge from other buildings in the same
neighbourhood or from other people with a similar lifestyle could help in predicting the
future load.

In this case, we are talking about multiregional load forecasting. Fan et al. (2009)
explains very well the framework of having to forecast the load for multiple regions.
Nonetheless, this paper does not consider the dependencies between the different loca-
tions. In Li et al. (2015) they improve the accuracy given by an AR + LASSO model
by using the information given by one additional user’s load, which is chosen among the
pool of users using a significance test. In Fiot and Dinuzzo (2018) the authors solve
MTLF using a multi-task learning procedure and by using kernel-based regression. In
particular, the multi-task learning procedure is applied considering all the other houses
at the same time, enabling the kernel-based method to learn also the correlations be-
tween the different buildings. Finally, in Bracale et al. (2019), a Multivariate Quantile
Regression (MQR) algorithm is proposed. This method obtains a multivariate proba-
bilistic forecast. Furthermore, the forecast is also adaptive, since they developed online
refinement of the parameters.

Another interesting area in which multivariate forecasting is used is in Multi Energy
Systems (MES), often referred to as Integrated Energy Systems (IES). In this case, the
output of the forecast consists of different energy types instead of different regions. For
example, in a typical situation, the output is given by the energetic load, the cooling
load and the heating load. In Guo et al. (2022), at first, the authors look at the seasonal
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MIC coefficient upon which they divide the three energy classes into 1 2 or 3 classes.
Then the bidirectional LSTM is used to predict the outcome of these classes. In Chen
and Wang (2021) a synergetic electric load forecasting formula was constructed and in
Niu et al. (2022) a CNN-BiGRU model with an attention mechanism is used.

There are also other cases in which a multivariate forecast is useful. For example,
in Lemos-Vinasco et al. (2021) the authors use multiple probabilistic models to analyze
the temporal dependencies in a multiple hours forecast.
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Chapter 2

Multivariate Load Forecasting using
State-Space Models

In this chapter, three methods for load forecasting are presented. They are all based
on Multivariate Linear Gaussian State-Space Models or modifications of such and the
output of the forecast consists of the mean and the covariance matrix for the future load
normal distribution. A fourth method, namely a Vector Autoregressive model, is added
and will serve as a benchmark method. Furthermore, the learning of the parameters
that are used to create the predictions is conducted online via a recursive method, to
adapt to dynamic changes in the consumption patterns.

2.1 State-Space Models and general setting

The goal of Short Term Load Forecasting is to predict the load for the following days. In
particular, in Probabilistic STLF, a complete or partially complete probability distribu-
tion is predicted. In this thesis, the forecasts will be produced using multiple Gaussian
distributions that originate from State-Space Models or similar models. Therefore, we
start with an exposition of State-Space Models (SSMs).

2.1.1 Discrete-time State-Space Models

Since the measurements that are used for load forecasting are sampled with a regular
time interval between every two consecutive observations, for example, every 15 minutes
or every hour, the focus is put only on discrete-time processes.

Definition 2.1.1 (Discrete-time State-Space Model). Let {X;} and {Y} be two discrete-
time stochastic processes with the variables X; in a continuous state space.
The pair (X4, Y}) is a state-space model if

o {X;} is a Markov process;

e P(Y, € BIXy =xy,...,X, =x,,) = P(Y, € B|x, =x,) for everyn > 1, and
every Borel set B.
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In the literature, SSMs are often referred to as Hidden Markov Models (HMMs).
Even though the structure is equivalent, according to Fahrmeir and Tutz (2001) the
difference is that in an HMM, the process {X;} is constructed over a finite state space
instead of a continuous one.

To visualize the structure of a state-space model, we can use a Probabilistic Graphical
Model. For t =1,...,n the associated graph is depicted in Figure 2.1.

CO(~( )= =)

Figure 2.1: Conditional Independence graph of State-Space Model.

From this graph, the following conditional independence statements can be derived:
e Y, 1l Y;|X for min(7, j) < k < max(i, j);

o X; 1l X;|X} for min(7, j) < k < max(¢,7) and |7 — j| > 1;

o Y, Il Xj|Xforj<hk<iifj<i,ori<k<jifj>i.

Another property that originates from Graphical Models is the factorization of the
joint distribution of the entire model.

p(Xla X27 s aXn7Y17Y27 s 7Yn) = p(Xl)p(Yl’X1)p(X2|Xl)p(Y2‘X2) Tt
.. p(Yn—l|Xn—1)p(Xn|Xn—1)p(Yn|Xn)

= p(X1)p(Y1]X1) Hp(Xi|Xi—1)p(Yi|Xi)

=2

It has been highlighted that when using State-Space Models, continuous random vari-
ables are employed. This means that in order to identify the model, different probability
distributions are used.

Definition 2.1.2 (Transition distribution). The transition distribution
X 11X, models the relationship between the latent variable at time n + 1 and the one
at time n. The probability density function p(X,i1|X,) is called the transition density.

Definition 2.1.3 (Emission distribution). The emission distribution models the rela-
tionship between the observable variable at time n and the latent variable at time n. The

probability density function is called the emission density.
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2.1. State-Space Models and general setting

2.1.2 SSMs for load forecasting

When using State-Space Models for electricity load forecasting, the latent variable at
time ¢, X;, will consist of the multivariate load at time ¢. The variable space is R¢, where
d > 1 indicates the dimension of the load vector. The vector of loads may represent
different scenarios:

e X, may represent the vector of loads at time ¢ in different household or regions
(Fan et al., 2009);

e X; may represent the vector of different load types at time ¢t. For example, we
could consider the triplet consisting of electric power load, cooling load and heating
load (Guo et al., 2022);

e X, may represent the vector of active and reactive power loads at time ¢ (Bracale
et al., 2020);

e X, may represent the vector of minimum, maximum, and average load at time ¢
(Hu et al., 2018).

The observed variable at time ¢, Y;, on the other hand, will indicate the vector of
exogenous variables at time ¢. The variable has dimension p > 1, where p is the number
of exogenous variables considered. The exogenous variables may consist of weather
conditions or other information, and in practice, the choice of the variables usually
depends on the data available. Furthermore, there may not be a linear relationship
between the load and the exogenous variables. In this case, to have better results,
a further study needs to be conducted. Depending on the model, a function of the
exogenous variable or of the loads may be used instead, so that non-linear relationships
may appear. In case the number of exogenous variables that are considered is too high,
dimensionality reduction algorithms, such as PCA, may be applied to the vector of
observed variables.

2.1.3 Calendar types

Both transition and emission distribution presented above will be modelled using time-
dependent Multivariate Gaussian distributions, and the methods to learn the parameters
will be explained in section 2.6. The objective is to learn time-specific dependencies, and
for this purpose, a time non-homogeneous model is used. Therefore, the set of parameters
of the two distributions depends on the time, and will therefore be different from one time
step to another. This will allow the model to learn time-specific relations and adapt to
dynamic changes. Nonetheless, since in a fully saturated non-homogeneous model there
exists only a single observation for each time ¢, in order to learn the parameters from
the available data, the model is simplified with the use of the set A, called the calendar
types set.

A typical way to define the calendar types is to use the partition of a day given by
the daily measurements that are present in the data. For example, in a case in which
the dataset is made of hourly observations, the set A = {1,2,...,24} is used. In this
case, 24 sets of parameters are introduced, one for each hour of the day.
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Additionally, one could also add information about the type of day to the calen-
dar types set. For example, since consumption patterns change significantly between
workdays and holidays, this information may be included. If the data is made of
hourly measurements, 48 calendar types can be used and the set A will be equal to
{(0,1),(0,2),...,(0,24),(1,1),(1,2),...,(1,24)}, where (0,7) represents hour ¢ for a
workday and (1,4) for a holiday.

2.1.4 Recursive predictions

When forecasting the future value of the load, we assume that the historic values of
the load until the present state X are known. On the other hand, we assume that
the observed variables are also known for R steps into the future, or can otherwise be
predicted with high accuracy. For example, if the observed variables consist of meteo-
rological data, the future values are obtained using accurate weather predictions. This
means that the observed variables are assumed known until the future state Y g.

The precise goal of Load Forecasting is to predict the load distribution at L steps into
the future, for L < R. In particular, we are interested in predicting the load by knowing
all the historic data of the load up to time 7" and all the observed variables up to time
T+ L. To simplify the notation, let X;.; denote the union of the variables Xy, Xs, ..., Xy
and analogously, Yi.. = Y1, Ys,..., Y, Thus, the objective is to estimate the target
distribution

p(XT+L|X1:T7 Y1:T+L)

Since Multivariate Normal Distributions are employed, the precise goal is to estimate
the mean and the covariance matrix of this distribution. To do this, a recursive approach
will be used. That is, we will assume that for each k =T + 1,...,T + L, the distribu-
tion of p(Xx_1|X1.7, Y1x-1) is known and we will derive and use time-specific normal
distributions to estimate the parameters for the target distribution. In this thesis, we
will consider four methods, namely:

1. Kalman Filter;

2. A generalization in a multivariate setting of the APLF method proposed in Alvarez
et al. (2021);

3. A new model in which the arrows that are present in the State-Space Models
between the latent and observed variables, as depicted in 2.1, are reversed;

4. A simple Vector Autoregressive model of order 1.
Finally, we assume that to start the recursion the distribution of the 0-th step ahead

is p(X7|X1.7, Y1.r) with known mean Xt and zero covariance matrix.

2.1.5 Lemmas

In this subsection, three Lemmas are introduced that will be used in the forecasting
procedures. The proofs of the Lemmas are presented in Appendix A.1.
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2.2. Kalman Filter

Lemma 2.1.1 (Conditional distribution of a Multivariate Gaussian distribution). Let
us consider a multivariate Gaussian distribution of the form

X u Y11 22
] e (] 5 S2])

where X has dimension ki and Y has dimension k.
Then, the conditional distribution of X given Y 1is:

XY =y~ N, (Hl + T1285 (y — M), S11 — E1222_21221) .

Lemma 2.1.2 (Product of Gaussian pdfs of related variables). Let us consider two
multivariate normal probability distribution functions of the form:

b ¢k1 (X) My, 21)

o ¢k‘2(y; Mx + “2722)'

Then, we have that the product between these two pdfs is equal to:

¢ X . /le El ZlMt
k) \ |y " [Mpy + py| " | MSy So+ MM )

Lemma 2.1.3 (Product of Gaussian pdfs of the same variable). Let us consider two
multivariate normal probability density functions of the form:

b ¢k(xa Ky, El)
b (bk(XJ Mo, 22)

Then, we have that the product between the two pdfs is equal to:

Gr (x5 1", X7) - O (s g, X1+ 2o)

where ¥* = (571 +551) 7 and pt = (371 + X5 T (E g 4 25 ).

2.2 Kalman Filter

The first prediction method to be analysed is the so-called Kalman Filter (KF). KF have
been first introduced by Rudolf E. Kalman and is nowadays a consolidated method for
prediction. In the context of a Linear Gaussian State-Space Model, Kalman Filter is
a recursive algorithm that for each time-step works in two phases: a prediction phase
and a correction phase. In the prediction phase, an estimate for the next value of the
latent variable is computed, together with its uncertainties that are represented by the
covariance matrix. Afterwards, this estimate is updated using information from the
observed variables, to produce a corrected estimate for the latent variable. The two
steps are discussed in detail in Subsection 2.2.2.
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2.2.1 Linear Gaussian State-Space Model

For the case of Linear Gaussian State-Space Models, both the transition and the emission
distributions are modelled using a Gaussian distribution. When presenting the two
normal distributions, to simplify the notation we will not use the calendar type-specific
parameters that have been introduced in Subsection 2.1.3. Nevertheless, we may assume
that parameters with index n are in practice parameters with index ¢(n), where ¢ maps
each time step to the corresponding calendar type.

Transition distribution

To model the transition distribution, the following multivariate normal distribution is
used:
Xn|Xn71 = Xp-1" Nd(Aanfl + oy, Qn)

with A, the d x d transition matrix, «, the transition intercept and @), the d x d
transition covariance matrix.

Let ¢q(x;...,...) indicate the probability density function for a d - dimensional
multivariate normal distribution. The transition density is given by:

p(xn‘xn—l) = ¢d<Xn; Aan—l + oy, Qn)

= ((2m)?*- ‘Qn\)fé exp (—%(xn — ApXn1 — ) QL (X — ApXyg — an)> :

Emission distribution

The emission distribution will use a multivariate normal distribution as well. In particu-
lar, {Y;} will be considered as a continuous random variable, and a Gaussian distribution
is used to model Y, |X,,, namely:

Yn‘Xn = Xp -/\[p(Ban + ﬁna Rn)

with B, the p x d emission matrix, 3,, the emission intercept and R,, the p X p emission
covariance matrix.
The emission density is therefore given by:

= (@0 | e (= 50— B = BB, (v~ B = 8,)).

2.2.2 Forecasting

As we mentioned previously, we assume that the values of the load are known up to time
T and the values of the observed variables are known up to time 7'+ R. Then the goal
is to predict the target distribution

P(Xrir| Xy, Yirir)
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2.2. Kalman Filter

for a certain 1 < L < R, and since the distribution is Gaussian, the goal is to determine
its mean fup, ; and its covariance oL

Since we will use a recursive procedure, we now focus on the recursive prediction
steps. For kK =T + 1,...,T + L, the target distribution of the previous time step,
p(Xs—1|X1.7, Y1.6-1), is assumed to be known, with mean fi,_, and covariance k1.
The goal is to deduce the distribution of p(Xx|X1.7, Y1), and since Xy is completely
known, the initial distribution is degenerate with mean 1, = X and a zero d x d
covariance matrix.

With these assumptions, we have that for prediction step k,

P(Xk—1|X11, Y1-1) = a (Xk—1§ Pt ikfl)
P(Xk|Xk-1) = ¢4 (Xk; ApXp—1 + o, Qk)
p(yilxx) = &y (yi; Bexi + By, Ry.).

We will now derive the target distribution at k, and we divide the derivation into
four steps. To simplify the notation, from now on the indices of the parameter k£ and
k — 1 will be dropped.

First step
The joint distribution of x;_1,x; given all the past loads is equal to:

P(kaly Xk’X1:T> Y1:k71) = P(kal \XLT, Y1:k—l)p(xk‘X1:Ta Xk—1, }’1:1@71)

= p(Xk—l |X1:T, Y1:k—1)p(xk|xk—1)

= ¢q (Xk:—1§ o, i) ba (xp; Axp—1 + 0, Q) .

Then, from Lemma 2.1.2,

(X < ‘X )_¢ Xk—1 . [_AL iA i]AtA
P\Xp—1, Xk |X1.7, Y1:k-1) = P24 xi | [Ap+al’ |AS Q4+ ASAt| )

Second step

The second step consists in deleting the dependency on X,_; by marginalizing the
distribution.

p(Xk’XLTv}’l:k—l) :/ p(Xk—1,Xk|X1:T,Y1;k—1)ka—1
]Rd

_/ doa (|1]5] P z DA dx
T Jed P\ x| Al a0 [AS Q4+ Asar] ) T
— ¢y (xk; A+ a,Q+ AiAt> .

The distribution we have obtained can be used to obtain an estimate at the so-called
prediction phase.
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Third step

Now we introduce observation Y.

p(le Yk’XLTa Y1:k71) = p<Xk‘X1:T; }ﬁ:k—l)p(}’k‘Xl:Ta Xk, }’1:1671)

= P(sz|X1:T, Y1:k—1)p(}’k|xk)
= & (xk; Afi+ o, Q + AiAt) 6, (yr: Bx;, + B, R)

and again using Lemma 2.1.2) p(xy, yx|X1.7, Y1.6-1) is equal to:

5 lxk] _ { Ap+ } { Q+ ADA! (Q + AL AN B }
TP\ |ye] T |B(AR+ o) + B |[B(Q + ASAY) R+ B(Q+ ASAYBY| )

Fourth step

Finally, we obtain the target distribution by conditioning the distribution we just found
on Yy, using Lemma 2.1.1. We find that distribution p(xg|X1.7, y1.x) has mean fr;, equal
to

N N —1
Afp+a+(Q+ASAYB' (R+ BQ+ ASA)B') (v — B(Aj+a) - B)
and covariance 3 equal to
~ ~ ~ -1 ~
(Q + ASAY — (Q + ASAY) B! <R +B(Q+ AzAt)Bt> B(Q + ASAY).

This is the final distribution, and the last two steps make up the so-called correction
phase.

Literature notation

To have a coherent notation with the literature about Kalman Filtering, we now rewrite
the results using a similar notation to the one used in (Fahrmeir and Tutz, 2001, Section
8.1.2). The mean and covariance of the target distribution at time step k are fu,,

andf]k“ﬂ, and the prediction step is given by
® [y = Ay
o N1 =Q+ AXy g AL
Now, the so-called Kalman gain is introduced to determine the correction step.
K = Sy 1B (R + By 1 B') o
From here, the correction step becomes:
o [, = g1 + K (e — Bty — B)

o 21:\1@ = i}k\k—l - KBi]kUc—l-
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2.3. MAPLF

Simplification
To simplify notation, we may apply the Woodbury Matrix identity
(D+V'CV) " =D = DTVHCT + VDTV D!

to the covariance matrix. By choosing D! = (Q + Af]At), Cl'=Rand V = B, we
have that the covariance can be rewritten more compactly as

k= ((Q+ ASAY ' + B'R'B) L.

To rewrite the mean, we now consider formula (158) from Petersen et al. (2012). Since
both Yy x—1 and R are positive definite, we can rewrite K as

~ -1 ~
K= (S, +B'R'B) B'R'=5BR.
From this, we can rewrite
fo, = A+ o+ S B' R (y), — B(A + ) — B).

Finally, we introduce Theorem 2.2.1, which summarizes the Kalman Filter forecasting
procedure.

Theorem 2.2.1 (Kalman Filters L-step ahead forecast). Let us consider the SSM
(X4, Yy) and let us suppose that the values of Xy.r and Y1741 are known. Then, the
distribution of Xrip| X1, Y17 can be found recursively.

Let j = 1,...,L and suppose that the distribution Xpy;—1|Xy.7, Y1741 s known
and normal with mean fur,;_; and covariance matriz f]T+j_1. In particular for j =1,
iT =0 and frp = Xr.

Then, letting r = c(T'+7), the distribution of Xr4;|X1.1, Y1.04; can be obtained with
the following formulas recursively. The covariance is

R R B 1
Xy :<(Qr + A S AL+ BﬁRr_lB’”>
and the mean 1s

firy = Abrijq + 0+ X BIR (yrey — Be(Arfiryy g + o) = B,).

2.3 MAPLF

As a second approach for forecasting, we propose a generalization to a multivariate
setting of the techniques used in paper Alvarez et al. (2021). The original framework
is called Adaptive Probabilistic Load Forecasting (APLF). The generalization that is
proposed will be called Multivariate Adaptive Load Forecasting, in short MAPLF.
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2.3.1 Model

We will consider the same State-Space Model of Section 2.1, depicted in Figure 2.1. The
only difference with the previous Gaussian Linear State-Space Model lies in the emission
distribution. In fact, under some prior assumptions, we model the distribution of Y| X,
indirectly, by modelling the distribution of X;|Y; using a Gaussian distribution. This
will allow the model to use the load as the response variable, with other external factors
as regressors. This may be more intuitive, since the load depends on external variables
such as the weather, while the opposite is not true. For example, it is reasonable to
assume that the weather is causally independent of the load demand. Furthermore, this
change in dependencies also allows looking for particular non-linear relationships between
the load and the other variables. For example, it is possible to model the temperature
quadratically by adding the square of the temperature to the observed variables. Finally,
it enables the use of non-continuous random variables as observed variables.

Emission distribution

The transition distribution of the model, X,,|X,,_1, remains the same as in 2.2.1. The
emission distribution on the other hand will model X,,|Y,, using a multivariate Gaussian
distribution.

anYn =¥V~ Nd(DnYn + 6717 Pn)

with D,, the d x p emission matrix, d,, the emission intercept and P, the d X d emission
covariance matrix.
The emission density will be:

- 1
= (2m)"- |Pa]) * exp <—5<xn = Duyn = 8,)' P (X0 = Duyn — 5n)) -

NI

2.3.2 Forecasting

Let us start by taking the same assumptions as for Kalman Filters. This means that

e the values of the load are known up to time 7" and the values of the observed
variables are known up to time 7"+ R;

o for k=T+1, p(Xp-1|X17, Yi—1) = ¢a (Xjm1; X7, 0) 5
o for k=T+1,..., T+ L, with L < R, we have:

p(kaﬂXl:T,Yqu) = Qg (kal; llk—h ikq)

P(Xk|xXp—1) = Pa (Xi; AxXp—1 + o, Qi)
P(Xk|yr) = ¢a (Xi; DYk + 0k, Pr) -

To simplify the notation, from now on the indices of the parameter £ and k£ — 1
will be dropped.
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2.3. MAPLF

Now, the goal is to find the distribution of p(Xg|Xi.7, Y1.,). The first two steps we
take are the same that have been taken in the prediction phase of the Kalman Filter.
Therefore, by applying the same rationale, we obtain the following distribution:

p(Xk’XLT; Y1:k—1) = Qq (Xk; Ap+ o, Q + Af]At> .
Now, to allow the model to use p(Xy|Yx), we first look at the Bayes theorem.

p(Yy
p(Xy
Since Yy, is known, we can consider that p(Y}) is a constant. Furthermore, we assume

that p(Xj) can be modelled using an improper prior. This will permit to interchange
p(Yk|Xk) and p(Xk’Yk) since

~—

p(Yi|Xy) = p(Xi| Yi)

~—

p(Y5|X5) o< p(Xp| Yr)-
Let us turn back to the target distribution. We observe that

P(Xk, Yi|X1:7, Y1ie-1)
P(Yr|X17, Yik—1)
_ p(Xe /X107, Y1) P(Ye|X1r, Xps Y1-1)
a P(Yr|X1r, Yik-1)
- p(Xk|X1:T7YI:k—l)p(Yk|Xk)
B P(Yr|X1r, Yik-1) '

p(xk‘|X1:T7 y1:k> -

Now, considering the distribution at the bottom as a constant, since all the variables
involved are known, and using the fact that p(yg|xx) < p(xx|yx):

P(Xk|X1:7; Y1) ¢ P(X| X177, Yiske—1)P(Xk|Yr)
= 9 (X1 Al + @, Q + ASA') 6 (x4 Dy + 6, P).

Using Lemma 2.1.3, we can rewrite this product as
p(Xk[X1.7, Y1) = Pa (Xk; Fuy, Ek) - $a(Dyi + 0; A+ o, Q + ASA' + P)

where A R
Y= (P '+ (Q+ AxAH) H!
and R R
i = S | PN (Dyy + 8) + (Q + ASAY (Ap + @)
Then, since y;. is known, the distribution on the right is a constant. Finally, we are left
with )
p(Xk[X1.7, Y1) X @a (Xk; Fu, Ek)

and the proportionality operation becomes an equality.
To summarize all the operations, we introduce Theorem 2.3.1.
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Theorem 2.3.1 (MAPLF L-step ahead forecast). Let us consider the SSM (X, Y¢)
and let us suppose that the values of X1.7 and Y1.7+1 are known. Then, the distribution
of Xrip| X171, Yirer can be found recursively.

Let j = 1,...,L and suppose that the distribution Xqy;—1|Xy.7, Y1041 s known
and normal with mean fur,; ; and covariance matriz f]T+j_1. In particular for j =1,
iT =0 and frp = Xr.

Then, letting r = c(T'+ ), the distribution of Xr4;|X1.1, Y1.04; can be obtained with
the following formulas recursively. The covariance is

R . B -1
Yryy = <(Qr + A S AT+ Pf)
and the mean is

. - _ . 1,
Fory; = X1y [Pr "Dryrej+6,) + (Qr + AXrs; 1AL (Afopy; 1 + ar)].

Similarities with Kalman Filter

The recursive equations from the MAPLF model are different from the Kalman Filter,
but there are some similarities. In fact, the prediction phase in MAPLF is equal to the
one used for Kalman Filter, and the differences lie in the correction phase. The first
thing that we analyse, is the structure of the covariance matrix. In particular, by looking
at Theorem 2.2.1, we have that the KF covariance matrix is equal to

1

Sir=((Q+ASAN ' + B'RT'B)”
and by recalling the formula for the one from MAPLF, we have
-1

Swarce = ((Q + ASAY) ™+ P71

We can see that the only difference is that inside the inverse, for MAPLF the term
B! R, ' By, is substituted by P, .

To compare the means, we first assume for simplicity that the intercept terms «, 3
and d are zero. Then, we rewrite the mean from Kalman Filter, by observing that the
term that multiplies Af p is equal to

[—SxpB'R™'B = Sy ((2”)—1 . BtR—lB)
= Sir ((Q+ASA) '+ B'R'B~ B'R™'B)
= Spp(Q + AXAY)
From here, we have that the KF mean is equal to
Py = Srr[(Q+ ASAN ' Ap + B'R™y]
and the MAPLF mean is equal to
finiapre = Suaprer[(Q + ASAN) T Af+ P Dy].
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2.4. Inverted State-Space Model

Thanks to this, we can see that the structure of the estimate is very similar. In particular,
in both cases, the term that multiplies f is given by the product between the method-
specific covariance and (Q + ASA')" A, The main difference lies in the term that
multiplies y. This term is given by the product between the method-specific covariance,
and then, for Kalman Filter we have B'R~!, while for MAPLF the second term is given
by P7!D.

2.4 Inverted State-Space Model

SSMs are usually used when the variable of interest, in our case the load, is entirely
or partially hidden. Hence, in order to gather information about this variable, another
variable, namely the observed variable, is used. When studying Kalman Filtering, we
have modelled the observed variable Y; as dependent on the latent variable X;. This
is because generally, the observed variables are completely dependent on the hidden
ones. In fact, the observed variables may represent the only reliable information that
is available when predicting the future states of the latent variable and it is usually
supposed to be determined by the unknown hidden variable. This introduces a direct
causality between X; — Y.

Nonetheless, when introducing MAPLF, we have seen that it may be more conve-
nient, at least intuitively, to model X; given Y, instead. When using SSMs for electricity
load forecasting, the most common variables used consist of meteorological information.
In this case, there is no direct causality between the load and the observed variable.
On the contrary, the causality is present in the opposite directions, since the weather
conditions partially determine the load.

This change in dependencies between the variables does not necessarily correspond
to a change in the State-Space Model. Nonetheless, if we would like to interpret the
Graphical Model corresponding to the State-Space Model as a causal graph, the arrow
between the latent variable and the observed variable should be inverted. This is the
rationale behind the following new model: the Inverted SSM.

2.4.1 Inverted State-Space Model

The following model consists of a modification of the standard State-Space Model. In
particular, the arrows between X; and Y, for all ¢ in the Probabilistic Graphical Model
are inverted. This results in the graph in Figure 2.2.

& &

Figure 2.2: Conditional Independence graph of Inverted State-Space Model.
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The first thing that one can notice, is that the complete joint distribution changes
and the factorization becomes

p(XhX?a s 7Xn7Y17Y27 s 7Yn)
= p(X1)p(X1|Y1)p(Y2)p(Xo| X1, Ya) ... p(Yo )p(Xn | Xm1, Yy)

=2

which is a significant change.

The consequence of this inversion is that now X;_; and Y, given X, are no longer in-
dependent. This is particularly evident in the Moral Graph associated with the graphical
model, which is depicted in Figure 2.3.

NI b

Figure 2.3: Moral graph of the Inverted State-Space Model.

From the graph, it is possible to deduce the following conditional independence state-
ments:

e Y, Il Y;|X for min(7, ) < k<max(i, j);
o X, 1l X,|X} for min(7, j) < k < max(¢,7) and |7 — j| > 1;
o Y, UL XXy for j <k <iifj<i,ori<k<jifj>i.

The changes with respect to the original State-Space Model are highlighted in red.
Furthermore, from this graph it is clear that modelling X;|X;_; and Y,|X; or X;|Y;
is not sufficient. It is necessary to jointly model the triplet X;, X;_1, Y.

Joint distribution
We start by modelling the distribution
p(Xna Yn|Xn—1)

for its convenience when applying the recursive forecasting procedures. Since in order to
derive the joint distribution, X,,|X,,_; will also be modelled, we keep the same notation
that was used to model the transition distribution in Kalman Filter. Moreover, the
distribution Y,|X,_; will be called the past-emission distribution. Then,

|:Yn:| |Xn—l = Xp—-1 " Nd+p (|:En:| Xn—1 + |:3n:| 3 |:thL Sn:|)
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2.4. Inverted State-Space Model

with A, the d x d transition matrix, £, the past-emission p X d matrix, «,, the transition
intercept, €, the past-emission intercept, @), the d x d transition covariance matrix, 5,
the p X p past-emission covariance matrix and U,, = Cov(X,, Y,,|X,—1).

We may also observe that the distribution can be written as

p(Xna Yn|Xn—1) = p(Xn|Xn—1)p(Yn|Xn—1a Xn)

and therefore, another way to proceed could have been to first model only
p(Y,|X,-1,X,), and then to use the transition distribution that has been found in the
Kalman Filter to find the joint distribution.

2.4.2 Forecasting

In the recursive forecast, for each recursive step k =T+ 1,...,T + L with L < R, we
are interested in finding the distribution for p(xx|X1.7, ¥1.x), when

e the values of the load are known up to time 7" and the values of the observed
variables are known up to time 7"+ R;

o for k=T+1, p(Xp—1|X17, Yio1) = ¢a (Xj—1; X7, 0);

e the known distributions are:
P(Xk—1 X171, Y1k1) = Pa (Xk—l; [T 2lc—1)
. X | | ApXp—1 + o Qr Uy
Pk Yelce-1) = ¢d+p< [Yk] ’ |:Eka1 + 6k:| ’ {U}; Sk] >
To simplify the notation, from now on the indices of the parameter £k and k — 1

will be dropped.

This time the prediction consists of three steps.

First step

At first, we combine the two distributions that we have:

p(kal, Xk, Yk|X1:Ta Y1:k71) = p(qu ’XLT’ }’1:1{71)]0(3% Yk\Xl;T, Xk—1, }’1:1@71)

= p(sz—l |X1:T, Y1;k—1)p(Xk, Yk|Xk—1)
= Qu (kal;ﬂ, 2) Ddtp ({;:} ; {é] Xg—1 T {31 ; [gt g}) :

Applying Lemma 2.1.2, we obtain
P(Xk—1, Xpy Y| X117, Y1k-1)
Xk—1 fl, ZA] XA:At XA)Et
=boarp | | Xk | |AR+ |, |AS Q4+ ASA' U+ ASE!
Yk Ep+e| [EY U'+EXA' S+ EXE!
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Second step

In the second step, we marginalize over Xj_;.

p(le Yk\XLT, Y1:k71>
:/ P(Xp—1, X, YE| X175 Y1k—1)dXp—1
Rq
Xh 1 f )y DA DE!
=/ ¢zd+p< xp | |[Ap+a| , |AY Q-+ AXAY U+ AXE! )dxk_l
Ra Vi Ep+e€e| |EYS Ul+ ELA' S+ EXE

_ x| [Ap+a] [Q+ASAY U+ ASE
“ P\ |y, B+ €| U+ ESAY S+ ESE )

Third step

In the final step, we condition over Y, using Lemma 2.1.1.

p(Xe|X17, Yik) = Pa (Xk§ App+ o+ (U+ ASE') (S + ESE) Yy — Efn— e),
(Q + ASAY — (U + ASEY(S + ESE) (U + EiAt)>.

Now we have found the required target distribution. To summarize all the procedures,
we introduce the following Theorem.

Theorem 2.4.1 (Inverted SSM L-step ahead forecast). Let us consider the inverted
SSM (X4, Y,) and let us suppose that the values of Xy and Yy.r4p are known. Then,
the distribution of Xpyr| X1, Y101 can be found recursively.

Let j = 1,...,L and suppose that the distribution Xoy;—1|X1.r, Yiryi—1 i known
and normal with mean fur,; ; and covariance matriz 2T+j,1. In particular for j =1,
fJT =0 and prp = Xr.

Then, letting r = c(T'+7), the distribution of Xo4;|X1.1, Y1.r4; can be obtained with
the following formulas recursively. The covariance is

Srij =(Qr + Ay 1AL — (Up + ASry 1 B (S, + Br Sy EL)
(U} + B Sy 1 A7)

and the mean s

fory; =Arfir g+ o+ (U + AriTﬂ—lEﬁ)(Sr + E,,f]Tﬂ-_lEﬁ)‘l
(Y145 — ETﬂT—i—j—l —€).

2.5 Vector Autoregressive Model

The three methods that have been defined in the previous sections all rely on the as-
sumption that to improve the predictions, information from a so-called observed variable
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2.6. Exponentially weighted parameter estimation

is added to the model. When the accuracy of the predictions will be analysed in Chap-
ter 3, it may interesting to investigate how this additional data influence the electricity
forecasts. To do so, we now introduce a fourth method, namely a Vector Autoregressive
model of order 1, that will act as a benchmark method for future discussion.

The Vector Autoregressive model is constructed over the Markov chain {X;} and
will not be influenced by the exogenous variable Y;. This independence from Y, will
allow us to see if the presence of the observed variable will enhance the predictions for
the other three methods or not.

2.5.1 Forecasting

The Vector Autoregressive model of order 1 relies only on the transition distribution
that was introduced in Section 2.2, and therefore on the set of parameters { Ax, ax }ren-
Furthermore, the estimates of the forecast will be produced using the recursive prediction
phase of the Kalman Filter algorithm. Theorem 2.5.1 shows the details of the prediction
process for this technique.

Theorem 2.5.1 (VAR L-step ahead forecast). Let us consider the Markov chain X, and
let us suppose that the values of Xy.r are known. Then, the distribution of Xqyp| X1
can be found recursively.

Let j =1,...,L and suppose that the distribution Xr,;_1|Xy.1 s known and normal
with mean fur, ;1 and covariance matriz f]T+j_1. In particular for 7 =1, Sr =0 and
pop =X

Then, letting r = c(T' + j), the distribution of Xpy;|Xy.p can be obtained with the
following formulas recursively. The covariance is

iT-&-j =Q, + AriT—i—j—lAf«

and the mean 1is

Py =Arfipi g + oy

2.6 Exponentially weighted parameter estimation

In this section, we will focus on learning the parameters of the Gaussian distributions
that have been introduced in the previous sections. In particular, the method to infer the
parameters is explained. A more precise description of the way in which the parameters
are calculated for the distributions that have been defined previously, including consid-
erations about the calendar types, can be found in Appendix A.2. The parameters will
be inferred using the exponentially weighted least squares method. Let us first define
the problem at hand.

Let Y, be the q dimensional response variable, and let X; be the vector of k explana-

tory variables. We have
Yt‘Xt = X ./\[q(@t * X, F)

with © a k x ¢ matriz and I a ¢ X q covariance matriz.
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Our objective is now to estimate the set of parameters {©,I'}. To address this
problem, we consider the two time series of past observations, {y;} and {x;} with ¢t =
1,...,n.

2.6.1 The likelihood

To solve the problem of parameter estimation, an exponentially weighted log-likelihood

function is employed. The weights are obtained using a forgetting factor A > 0, and this

hyperparameter will be tuned separately for each distribution. This factor will determine

the importance of the most recent observations in the model. In particular, the smaller

the value of A\, the more weight is given to the most recent observations and vice versa.
The weighted log-likelihood is therefore given by

Ln(@a Fa Yi,- s ¥Yn X1, - 7Xn) - Z )\n—i IOgP(yz’Xz)
i=1
and by making the density explicit, we have that it is equal to

S H log(2r) — %log 0| - % (vi = 0'%,) T (yi — O'x))
=1

2.6.2 Maximum Likelihood Estimates

To find the parameters, we resort to maximising the weighted log-likelihood. To find the
weighted Maximum Likelihood Estimation, we fix A and derive the result with respect
to © and I'. Let us start with ©.

Let us first retrieve formula (88) from the Matrix Cookbook Petersen et al. (2012).
For W symmetric,

%(az — As)'W(x — As) = —2W (x — As)s".

Since I'"! is the precision matrix, this matrix is symmetric. Therefore:

d I, d te
d_@th = 3 ; A 16t (Yz' - @tXi) r- (y@' - @th‘)
]' - n—i —
=3 ; A [—2F ! (yi — @txi) Xﬂ
=I! Z A (yi — @tx,-) x!
i=1

=r! [2”: Ny xt — O z": )\”ixixzﬁ] .

i=1 i=1

% = ()t and so:

d
%Ln = [; )\"_ixiyf — ; )\”_ixixf@

Furthermore, we have that

.

34



2.6. Exponentially weighted parameter estimation

Hence, setting it to zero we find that the MLE estimate for © is:

n -1 n
0, = [Z )\”ixix§] [Z )\"ixiyE] )

i=1 i=1

Let us now take the derivative of the log-likelihood with respect to I'. In order to do
so, we use formulas number (57) and (61) from Petersen et al. (2012):

d
i 1os =1

%atwla = W taa' W,

Let us also observe that we are deriving with respect to a symmetric matrix, and
this has an influence on the derivation result in general. In this case, let us denote with
R the result that we would obtain without considering the symmetry. Then the correct
result, in which the symmetry of I" is considered, would be 2R — diag(R). Nonetheless,
since our goal is to look at when the derivative is zero, when R = 0, also 2R — diag(R)
will be 0. Hence, we will simply take derivatives with respect to I' without accounting
for its symmetry. This leads to

d __1n nfid o t‘t,1 L te .
ﬁLn— §;>\ E(log\f‘]—l—(yz @Xz)F (yl @xl))

_ —% Z A (F*l —T7! (yi — O'x;) (yi — O'x;)' T 4)
=1

|

1 | — , - ,
= —5 [Z An_l — F_l Z )\n—z (YZ — @txi) (YZ — @tXi)t
=1 i=1

Setting this to zero, we get:

n

DN =Y N (v - ') (vi - O'x,)
=1

i=1

Hence, if we substitute in the estimate for ©, the weighted MLE estimate for I' is given
by:

n t

= i . ; A\ (yi — (:);x,> (yi — (:)flxz> .
i=1

1

L,

2.6.3 Matrix form

It is possible to rewrite the estimates we have just found more compactly in matrix form.
We show this in the following theorem:

35



Theorem 2.6.1 (Exponentially weighted estimators). Let us consider the model
KlXt = X ./\[q(@t * X, F)

Our goal is to mazrimize the exponentially weighted log-likelihood function

n

L, = Z X" log p(yilxs).

i=1
We have that the estimates for © and I' are given by:
0, = (X'A,X,) " XLAY,

fo_ (Y- X,0,)'A0 (Y, — X,0,) YA (Y, — X,0,)

tr(A,) tr(A,)
et .
o (x5! (v5)"
(x5)" (v5)*
where A\,, = , X, = ] and Y, = :
\ :
1 () (vo)'

Proof. The only thing that is left to prove is the second equality for [,. This follows
from expanding the first term by

YA, Y, — YA, X,0, — Ol XtA,Y, + O X'\, X,0,

tr(A,)
CYIAY, — VIALX,O, — OLXEA,Y, + 0L XEA, X, (XEALX,) T XEA,Y,
o tr(A,)
YA, - YIALX,0, — 0L XIA,Y, + 6 XEA,Y,
n tr(A,)
CYIAY, - YIALX,O, | YiIAL(Y, - X,0,)
- tr(A,) N tr(A,) ‘

2.6.4 Recursive form

Now that we found the parameters, it is time to find an expression to use online learning.
This will allow us to update the parameters recursively.
Let us start by looking at a general sum with exponentially decaying weights, k, =

n
> A" "a;. We can notice that we can rewrite it as
i=1

n

n—1
kn = Z )\”_iai = Qy + A Z A”_l_iai = ay + )\kn_l

=1 i=1
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2.6. Exponentially weighted parameter estimation

and so we can obtain a recursive way of calculating the sum. Let us follow the same
reasoning to rewrite ©,. Looking at the structure of the estimate

-1 "
Zn: )\”ixix’;] [Z )\”ixiyf]
i=1 i=1

we can see that we can divide it into two parts. Let us define

6, -

Hy, =) N7yt = Xyl + A,
i=1

J, = Z /\”_ixixf = anfl + Ap_1.
i=1
From this, we have that: )
O, = (Jo) ' H,.

We can do the same for f‘n. The estimate is

- 1
L'y

n
. N N t
ST =1
i=1
that can be rewritten, thanks to the previous theorem, as

- 1
1

n ) R t

== Z A"y (Yi - 92&‘)

ST ATt =1
i=1

! (Zn: Ny — Zn: A”"yz-XE@n) :

= n ‘
ATt \i=1 i=1
i=1

Defining now

Yo =D X =14 Ay

i=1

Ky =Y N7'yiyi = yayh + AKo .
=1

I',, can be rewritten as follows:

Remark. 1t is possible to rewrite ,

n - . n 1 i n/\—n—l_)\—l 1= \"
2 :AZ(X> A TSE T T

i=1 i=1
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To summarize, if we want to estimate the parameters © and I' recursively, the n-th
step of the recursion consists of first updating the support structures

H, =x,y. + \H,_4

Jn =X, X5+ A,y

Kn - }’nYZ + /\Kn—l

Yn = 1+ /\fyn—l
and then calculating the desired values

L4 @n = (Jn)_lHn
e =1 (Kn - Hgén>.
All four support structures are initialized as zero-matrices when n = 0.

Remark. Let us observe that for small n, we cannot compute J !, since J,, is a singular
matrix. In particular, J; = 0 obviously does not have an inverse. Also J; = x;x!} is
singular. For this reason, when we start to train the model recursively, for the first steps
we only learn the support structures, until the moment in which J,, admits an inverse.
Only after, we can compute the parameters adaptively.

2.6.5 Recursive form for J,!

One of the most computationally expensive steps of the recursion is the inversion of .J,,.
There is actually a way to update .J- ' recursively starting from J, ;. In particular,
using the Woodbury matrix inversion formula (formula (156) in Petersen et al. (2012)),
we have that:

( X4\, )_121 lth-l—J -
n n—1 \ \ nSy n—1

1

= (J ! —J, 1xn()\+X J, 1xn)*1xflJT;11)

1 J 2 xaxt I
— — (gt - InmlT el ) 21
A ( n-l A+X;Jn_1xn) (21)

This way is computationally cheaper than calculating the inverse. The problem with
this method is its initialization. Indeed, in the remark above, we explained that for
small n, J, does not admit an inverse. To overcome this issue, we compute J, ' when
the matrix is finally invertible, and for the next steps we update the inverse recursively.
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2.7. Computational cost

2.7 Computational cost

In this section, we analyze the computational cost of the training and prediction steps
for the algorithms. Let us start by looking at the training of parameters © and I' for a
generic model

Vi X, = x; ~ Ny(O" - x4, T)
with x, € R¥. Looking at the recursive equations derived in Subsection 2.6.4, we have
e y=)\y+1
o Hyy, = \H + xy*

o Jir = A+ xxt

o Kyxg=AK +yy'
® ékxq - J_lH
o Dpng =1 | K~ H'O)

where y, x are the new observations of the response and regressor variables respectively.

We will consider the asymptotic cost of the multiplication of two matrices Agxp - Brxq
to be equal to O(khq). There are multiple algorithms to perform matrix multiplication
that have a smaller cost, especially for square matrices, but, for simplicity, we will use
the standard iterative multiplication algorithm that has the cost we have just defined.
Analogously, we consider the asymptotic cost of performing the inverse of a matrix Ay
to be equal to O(k?) using Gauss elimination.

We can see that the computational cost of the recursive equation for H, J and K is
given by the cost of the product of the two vectors. In particular, the cost to obtain
H is O(gk), the cost to obtain J is O(k?) and the cost to obtain K is O(¢?). At the
end of the previous section, we discussed what we will need to train the model without
the parameters © and I for a few days before doing predictions because otherwise the
matrix J is still singular and we cannot compute its inverse. Therefore, when training
the model without performing any forecast, the asymptotic cost is simply O(k? + ¢?).

Let us now look at the computational cost of computing ©. At first, we will compute
the inverse J~!. The cost of the inversion would be O(k?), but if we compute the inverse
once and then use the formula (2.1) to update the inverse recursively, the cost becomes
O(k?). Then we will multiply the inverse with H, and this operation has cost O(qk?).
Therefore the asymptotic cost of computing O will be O(qk?*). When computing [ the
cost is given by the product between H' and O that is O(¢?k). Summing all the costs
together, we have that to perform one update step for all the parameters, the total
computational cost is O(qk?® + ¢*k).

2.7.1 Cost for Kalman Filter
Training

We have just analyzed the cost of a general model. Let us now start to analyse the
cost of one recursive training step for Kalman Filter. In particular, we need to learn
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both transition and emission distribution parameters. Since the asymptotic cost will not
change, we will consider only the case in which there is no intercept in the models.
For the transition distribution, the cost is

o O(dd? + d*d) = O(d?) to learn the parameters;

e O(d? + d*) = O(d?) to update only the support structures.
For the emission distribution, the cost is

e O(dp? + d*p) to learn the parameters;

e O(d* + p?) to update only the support structures.

Therefore, the total computational cost of one recursive step in which we update the
parameters is O(d® + dp?), while a recursive step in which we only update the support
structures costs O(d? + p?).

Prediction

For the asymptotic prediction cost, let us first look at the recursive equation for the
covariance:

. _ -1
((ded + Adxdzdxd(At)dxd) ' + (Bt)prR;leBpxd) .

The product AL A? and the inverse of Q + ASA! both have cost O(d?). R™! has cost
O(p?), and the product B'R™'B has cost O(dp* + d?p). Finally, the total inverse has
cost O(d?).

Let us now look at the operations for the mean:

Adxaftg + g + idxd(Bt)prR;ip (Yp — Boxa(Aaxafty + 0a) — B,)-

Af has cost O(d?) and B(Af1 + ) has cost O(pd + d?). Then, if we take this term and
multiply it (on the left) with R~ the cost is O(p?). Then multiplying the result by B!
has cost O(dp) and finally multiplying this with 3 has cost O(d?).

Putting all together, the total asymptotic cost is O(d® + p?).

2.7.2 Cost for MAPLF
Training

The asymptotic cost to learn the parameters for the transition distribution is the same
as before. Instead, the emission distribution has a cost of

e O(dp? + d*p) to learn the parameters;
e O(d? + p?) to update only the support structures.

Therefore, the total computational cost of one recursive step in which we update the
parameters is O(d® + dp?), while a recursive step in which we only update the support
structures costs O(d? + p?).
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Prediction

For the prediction cost, let us first look at the recursive equation for the covariance:

X - -1
((ded + AdxaXaxd(A") axa) Ft Pd_xld> :

Since P! has an associated O(d®) computational cost, the total cost for computing the
covariance is O(d?).
Let us now look at the mean:

Agxafty + og + 2d><dPC;><1d(Dd><pr + 04 — Adxafty — q).

Afr has cost O(d?) and Dy has cost O(dp). Then, the product between P! and the
vector Dy + 8 — Aft — a costs O(d?). When we then multiply 3 by it, we find the same
computational cost.

Putting it all together, the total asymptotic prediction cost is O(d® + dp).

2.7.3 Cost for Inverted SSM
Training

When training the parameters, the response variable has dimension d + p and the re-
gressor has dimension d. Therefore, the asymptotic cost for a recursive step is

e O((d+ p)d* + (d+ p)*d) = O(d® + pd* + (d* + p* + dp)d) = O(d® + dp?) to learn
the parameters;

e O(d* + (d+p)?) = O(d?® + p?) to update only the support structures.

Prediction
The covariance recursive equation is

(Qaxd + AdxaSaxa(A) axa) — (Uaxp + Adxdidxd(Et)pr)'

- (Spxp + prdidxd(Et)dxp)—l((Ut)pxd + prdidxd(At)dxd)~
The computation of the first term has cost O(d®). Afterwards, we have a product of
three terms. The computation of the first and the third has cost O(d?p). The term in
the middle has an associated computational cost of O(d?p), and the calculation of the
inverse of O(p?®). Then, the product between the three terms has cost O(dp?). We have

that the cost to compute the covariance is O(d®+p?). Since the cost for the mean cannot
be higher than that, it is also the total computational cost for one prediction step.

2.7.4 Cost for VAR

The cost for training is given by the cost of the recursive step to obtain the transition
distribution, which is:

e O(d®) to learn the parameters;
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e O(d?) to update only the support structures.

The computational cost for the prediction step is determined by the cost of the
product AYA! which is O(d?).
2.7.5 Comparison

Let us now do a quick comparison between the different prediction algorithms.

’ H Kalman Filter | MAPLF | Inv. SSM \ VAR \

Training (only support) d? + p? d*+p? | d*+p? d?
Training (parameters) d? + dp? d® +dp* | d® + dp? d?
Prediction d3 + p3 d+dp | d®+p? d3

Table 2.1: Computational costs for one recursive step of the four proposed methods.

As shown in Table 2.1, Kalman Filter and Inverted SSM have exactly the same
computational cost for both training and prediction. Moreover, the training steps for
the three State-Space Model methods have the same computational cost for all methods:
O(d? + p*) when only updating the support structures, O(d® + dp?) when requiring also
the computation of the parameters. The VAR method has a computational cost of only
O(d?).

Let us turn our attention to the prediction cost. In this case, there is a shared term of
O(d?) in all methods, but KF and Inverted SSM have an additional cost of O(p?), while
MAPLF has an additional cost of O(dp). This difference is given by the fact that the
MAPLF method does not need to invert a p X p matrix, while the VAR model doesn’t
contain any observed variables. This also implies that when p > d, MAPLF is more
efficient than Kalman Filter and Inverted SSM.

H Kalman Filter ‘ MAPLF ‘ Inverted SSM

Tr: Independent case dp*

Pr: Independent case dp? ‘ dp ‘ dp?
Tr: p=pd d3p?
Pr: p = pd Pp | *(d+p) | PRTE

Table 2.2: Computational costs for one recursive step: special cases.

Table 2.2 shows the total computational cost in two particular cases. In this analysis,
we don’t consider the cost of the VAR model. The first is the case in which we have a
d-dimensional load vector, but we train and predict each load component independently,
and each component uses a p-dimensional vector as observed variable. To compute the
effect of this procedure, we first consider the cost in which d = 1, i.e., the computational
cost for each component. Then, we multiply the result by d, since we apply this procedure
for each component. The first thing we can observe is that the training of the parameter
becomes computationally more efficient since the term d® is missing. The same applies
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2.7. Computational cost

to the prediction step in MAPLF, which is of order O(dp). On the other hand, for
Kalman Filter and Inverted SSM, the computational cost of a prediction step is O(dp?),
and this means that the cost could increase, especially if p is much bigger than d. In
particular, the computational cost for the independent case is bigger if O(d?) C O(p?).

The second case to be analysed is the case in which the observed variables are pd.
For example, if we consider the case of multiregional load forecasting, we may have d
regions and then p observed variables for each region, reaching a total of pd observed
variables. This cost will be compared to the case of independent models, in which for
each region we only use the p regional variables. The computational training cost is
O(d?p?), which is d? times the cost for the independent models. The same happens for
the cost of the prediction step in Kalman Filter and Inverted SSM, which is O(d®p?),
and this cost may become really large in the presence of many variables. Finally, the
prediction asymptotic cost for MAPLF is O(d?(d+ p)), which is always smaller than the
cost of the other two methods and may therefore be preferable.
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Chapter 3

Multiregional Load Forecasting

In Chapter 2, four Short-Term Load Forecasting algorithms have been developed. In
this chapter, the accuracy of these algorithms will be analysed. Multivariate electricity
load forecasting can be applied to different scenarios, and for the purpose of this thesis,
we will focus on Multiregional Load Forecasting.

3.1 The ISO New England dataset

The dataset that has been chosen for the analysis is based on the measurements from the
ISO New England electricity transmission organization. This dataset consists of historic
load data for the region of New England (US), and the specific dataset that will be used
is the one that was adopted for the Global Energy Forecasting Competition (GEFCOM)
of 2017 (Hong et al., 2019).

B Maine
[] New Hampshire
B Vermont

[] Connecticut
[] Rhode Island
I Massachusetts

VT

O

Figure 3.1: Map of New England (US).

The measurements are taken for each hour of the day, from March the 1st 2003
to April the 30th 2017. Additional information about the day of the week and about
public holidays is present. The measurements are taken for all six states of the United
States region of New England: Maine (ME), New Hampshire (NH), Vermont (VT), Con-
necticut (CT), Rhode Island (RI) and Massachusetts (MA), and in addition, the state
of Massachusetts is divided into three sub-regions: Southeast Massachusetts (SEMA),

!The data has been retrieved from: https://github.com/camroach87/gefcom2017data
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3.1. The ISO New England dataset

Western-Central Massachusetts (WCMA) and Northeast Massachusetts (NEMA), with
the last region containing the city of Boston.

For each area, also meteorological measurements are collected. In particular, the
measurements consist of

e Dry Bulb Temperature (°F): it refers to the temperature of the air;

e Dew Point Temperature (°F): it refers to the temperature at which water vapour
starts to condense out of the air. If the dew-point temperature is close to the air
temperature, the relative humidity is high, and if the dew point is well below the
air temperature, the relative humidity is low.?

In the remaining of this section and in the next section, we perform an exploratory
analysis of the dataset. From Section 3.3 onwards, we will first present the evaluation
metrics, and then the results of the Load Forecasting techniques that have been presented
in Chapter 2.

3.1.1 The demand
Yearly behaviour

The first thing that we are gonna analyse is the demand curve. Let us take a look
at the aggregated load, i.e., the sum of all the regional loads. Figure 3.2 shows the
electricity consumption in the whole region of New England from 2004 to 2010, with
a one-month moving average. Looking at the plot, notice that for each year there are
two important peaks in demand. One in winter, between January and February, which
is due to the high demand for electricity for heating purposes, and another one during
summer, between July and August when electricity is used for cooling. This second peak
is usually higher.

2004 2005 2006 2007 2008 2009 2010 2011
Year

Figure 3.2: New England’s electricity demand, with a one-month moving average, from
2004 to 2010.

2The meanings of the different temperatures are taken from: https://www.weather.gov
/source/zhu/ZHU_Training_Page/definitions/dry_-wet_bulb_definition/dry_wet_bulb.html.
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It is also possible to look at how much the different subregions contribute to the
aggregated curve. Figure 3.3 shows all the different subregional curves together. With
this plot, we understand the size of each region’s electrical industry. It is clear that
Massachusetts by itself would be the most significant electrical consumer, but because
it is divided into three subregions, Connecticut becomes the region having the highest
demand. On the contrary, the least consuming region is Vermont, followed by Rhode
Island. Furthermore, the seasonal peak’s time of occurrence is generally the same for
each area. Even the size of the peaks is related: in years in which the summer peak is
relatively small, for example in 2004, all the regions experience this downfall equally.
This leads to the conclusion that the size of the peaks depends on a common factor for
all the states of New England.
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Figure 3.3: New England’s subregional electricity demand, with a one-month moving
average, from 2004 to 2010.

Daily behaviour

We now turn our attention to the daily behaviour of the series. In this case, no moving
average is applied. Figure 3.4 shows the aggregated demand in a 9 days period, starting
from Monday November 6th 2006.

Nov 08 MNov 07 Nov 08 Nov 09 Nov 10 Nov 11 Nov 12 Nov 13 Nov 14 Nov 15
Day 2006

Figure 3.4: New England’s electricity demand, 6 Nov. 2006 - 14 Nov. 2006.
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3.1. The ISO New England dataset

November 11th and 12th are respectively a Saturday and a Sunday, and we may notice
that during the weekend the consumption is slightly smaller. This is usually the case
since during the weekend the offices and the industrial sector are closed. Nonetheless,
this change is not as big as someone may expect by looking at Figure 1.2 from the first
chapter, where industries were shown to take a huge share of energy consumption. To
understand this, it may be useful to look at Figure 3.5, in which it is clear how the
deindustrialization of the US during the end of the '90s heavily changed the proportion
between the amount of electricity used for industrial purposes and the one used for
residential and commercial usage.

5000000

Commercial and public services

Non-specified

Agriculture / forestry
rrrrrrrrr

Figure 3.5: Electricity consumption by sector, United States 1990-2019.
The figure has been obtained from the IEA official website.

Looking further at the aggregated consumption of New England, each day presents
two peaks, one in the morning, and a bigger one in the evening. This is probably
happening because we are in November and electricity is starting to be used for heating
purposes. Therefore, electricity demand spikes during the coldest hours of the day.
Furthermore, the fact that the spike in the evening is higher is probably given by users
returning home and using electricity for cooking, home entertainment, etc.

It may be interesting to also take a look at the consumption during the summer to see
if the pattern changes. Figure 3.6 shows the aggregated demand starting from Monday
August 7th 2006. Indeed, looking at a usual weekday, this time the electricity demand
has only one big spike in the middle of the day. This is because in August electricity
is mainly used for cooling purposes, causing a big spike in demand during the warmest
hours of the day. Furthermore, a small increase in demand is also present during the
evening, when people return to their homes.

Moreover, we can notice that in August, the change in consumption between a work-
day and a non-workday is more pronounced than in November. During the weekend the
spike that appears in the middle of the day has a flat peak, and the evening increase
is more evident than during the rest of the week. The reason behind this may be that
during the week, in the warmest hours, electricity is mainly used in factories, offices,
shops, etc. for cooling purposes, while during the weekend, these places are almost all
closed. Residential cooling takes less energy than the amount needed for big factories
or offices and people are generally more responsible about electricity spending at home.
Additionally, during summer weekends, more people are spending their time outside,
and this could justify the difference between the winter season demand in a weekend, in
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Figure 3.6: New England’s electricity demand, 7 Aug. 2006 - 16 Aug. 2006.

which people tend to stay more inside.

3.1.2 The temperatures

Now we turn our attention to the temperature variables. Figure 3.7 shows the mean dry
bulb and dew point temperatures between all the regions for a period of three years,

from 2006 to the end of 2008, and a one-week moving average has been applied to the
temperature curves.

80 M ‘ |
N ! A I M,
i | \{u A \ﬁ,‘ I | (l MJ‘Iﬂl.f'\{\L‘IJIIH "I‘ | |‘\ f i)
YRR | f [ A
80 J\\JI\_\ [, u"l, | A v ,"JM\ | n (Iri| \"\'\ ,"Hl‘ﬁ
1 Ml\\'l |L| LJ\‘. 1 : “LJldi""l'ﬂ I,‘ 1 \H” \l“'\‘lVln : II‘ W ], Ly ,‘m I
50 MW I\ U W | .!;. |‘+ | H | Iul\ ,‘ IH
I VA I S|
Sl I I T I I ol ol
5 i fh . i NN I
Z oty 14 A | "-\'W i i
= I I AN i
* a0l R W i
lﬁﬁl'|"| 1 I|||‘I| (s “
’ "‘ | 1!}“; P
°r o | Dry bulb
| | — Dew point
| . | .
.];2 2006 Jul 2006 Jan 2007 Jul 2007 Jan 2008 Jul 2008 Jan 2009

Figure 3.7: New England’s average dry bulb and dew point temperatures, with one-week
moving average, from 2006 to 2008.

From the plot, the seasonality of the temperatures is evident. In summer both
temperatures are high and in winter both temperatures are low. Furthermore, the
temperatures show a certain regularity each year. There has been a colder winter in
2007 than in 2008 and the summer of 2006 was the hottest one of the three, but in
general, the temperatures were similar.

Let us now examine the differences in temperatures between the different states,
considering Massachusetts’ subregions together. For simplicity, in Figure 3.8, we only
look at the dry bulb temperature for a single year, 2006, and we will use a one-week
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Figure 3.8: New England’s subregional mean dry bulb temperature, with three-days
moving average, from 2006 to 2008.

lag moving average. It is clear that generally, the regions share a similar climate, and
that sudden drops or spikes in temperature happen in all the regions at the same time.
Vermont appears to be the coldest region, while Rhode Island seems to be the warmest
one.

Nonetheless, to notice the subtle difference in temperature, we should concentrate on
certain time intervals. To do this, in Figure 3.9 the winter and summer mean dry bulb
temperatures are shown. The temperature is smoothed using a 3-days moving average.

Winter Summer

75

Temperature (°F)
~
a3

85 |

Figure 3.9: New England’s subregional mean dry bulb temperature, with three-days
moving average,

Winter: 1 Dec. 2005 - 15 March 2006; Summer: 1 June - 31 Aug. 2006.

When looking at the winter plot, we can immediately see that the temperatures are
very low also in December and January, which was not clear from the previous plot. This
is because the one-week moving average simplified the temperature series too heavily. In
winter, the coldest region is usually Vermont, followed by New Hampshire and Maine.
Rhode Island and Massachusetts, on the other hand, are the warmest regions. In summer
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the warmest states are Connecticut and Rhode Island, while the coldest ones are Maine
and Vermont. Furthermore, we can notice that the winter period lasts much longer than
the summer period.

These observations are consistent with the description present on the Wikipedia page
of New England?®:

Maine, New Hampshire, Vermont, and western Massachusetts have a humaid conti-
nental climate. In this region the winters are long and cold [...]. The summer’s months
are moderately warm, though summer is rather short [...]. In central and eastern Mas-
sachusetts, northern Rhode Island, and northern Connecticut, the same humid continen-
tal prevails, though summers are warm to hot, winters are shorter [...]. Southern and
coastal Connecticut is the broad transition zone from the cold continental climates of the
north to the milder subtropical climates to the south. [...] Winters also tend to be much
sunnier in southern Connecticut and southern Rhode Island compared to the rest of New
England.

3.2 Linear relationships
In the forecasting techniques that we introduced in Chapter 2, several linear models

have been created, e.g., the ones for the transition and emission distributions. In this
section, we analyse the linear relationships between variables.

3.2.1 Transition model: X;|X; ;

We start by looking at the Markov Chain given by the variable X;. How are the variables
between two consecutive time-steps related to one another?

35104

251

\ . \ . )
0.5 1 15 2 25 3
Demand at previous time (MW »10*

Figure 3.10: New England’s electricity demand, time t — 1 x ¢.

For simplicity, we will only study the aggregated loads and assume that all the
conclusions apply to the particular subregions as well. In the first plot, shown in Figure

3The Wikipedia page has been accessed on October 13th 2022.
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3.2. Linear relationships

3.10, we analyse a scatter plot in which each point is given by the aggregated load at time
t on the y-axis and the load at the previous time-step t — 1 on the x-axis. There is a clear
linear relationship between the two consecutive loads, and it looks like a fitted linear
model would be extremely close to the identity function. This leads to the conclusion
that the load at time ¢ is almost equal to the load at time ¢t — 1. This strong linearity is
also given by the fact that hourly observations are considered. Indeed if the observations
had been less frequent, for example, every 3 hours, then the linearity would have been
less clear. On the other hand, if the observations had been sampled every minute, the
linearity would have been even more pronounced.

Even though the linearity is indisputable, the cloud of points still presents a non-
neglectable error. This fact is relieved by using hour-specific models, as we do via
calendar type-specific parameters. Therefore, it is interesting to look at the relationship
between load at time ¢ and at time ¢ — 1 for each hour of the day. The results are shown
in Figure 3.11. A black line indicates the identity function and a red line indicates the
curve of the hour-specific fitted linear model.
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Figure 3.11: New England’s electricity demand, time ¢ — 1 x ¢, by hour, with identity
function (in black) and best linear model (in red).

At a first glance, it is clear that the lines are smoother than when considering all the
hours together. Furthermore, the difference in magnitude between the hours is evident.
The hours of the day in which demand is lower, from 1 am to 5 am, have a cloud of
points that is on the bottom left, while the hours of the day in which demand is higher,
usually in the middle of the day, have the cloud of points on the top right.

The slope of the linear relationship may slightly change from hour to hour. To
analyse this behaviour we now look at the red line. We start from the first hours of the
day, and in particular from 3 am to 4 am, in which the demand is very low and stable.
In fact, during these hours the identity function models the relationship perfectly. From
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5 to 7 am, there is an increase in demand, and we can notice that the slope of the curves
increases as well. This happens until 8 am. Afterwards, from 8 am until 9 pm, the slope
of each hour is more or less close to 1. What changes during these hours is the “fatness”
of the cloud of points. In fact, in the morning around 8-9 am and in the afternoon from
4 to 7 pm, we have that the cloud of points is “less linear”. This is probably due to
the fact that we are considering the relationship between consecutive loads for all the
days of the dataset, and during these hours there is a high variability between winter
and summer demand. Therefore, the season-specific demand curves are averaged out
to obtain something similar to the identity function. After 9 pm, the slopes start to
decrease until 1 am. This is because the demand decreases during the night, reaching
the lowest point around 3 am.

After this brief study, we can confirm that linearity holds well for the transition
model. Indeed, if we create a linear model for each hour in MATLAB, we obtain a
mean R squared of 0.974, making the model very robust. In fact, the worse value is
0.893 for 6 am, and the best value is 0.997 for 2 pm. Furthermore, if we consider the
subregion-specific loads and predict them using not only their load at the previous time
step but also the demand of the other areas, we can increase the total mean R squared
to 0.981.

3.2.2 MAPLF emission model: X;|Y;

Now we start to analyse the relationship between the loads and the temperatures by
examining the emission model for the MAPLF algorithm.
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Figure 3.12: New England’s dry bulb temperature x demand.

To begin the analysis, we look at the scatter plot with dry bulb temperature on
one axis and the aggregated load on the other. This plot is shown in Figure 3.12.
We can see that there exists a noisy relationship between the two variables. As we
discussed previously, the load is usually higher when very high or very low temperatures
are present. This can be observed also from the graph, in which the load is increased
when the temperatures are either very high or very low. In particular, it seems that
there is a breakpoint around 60°F (15.6°C). Starting from this point, if the temperature
decreases, the demand increases linearly. If on the other hand the temperature increases,
the demand increases as well linearly, but this time with a steeper slope.
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3.2. Linear relationships

Let us now analyse this relationship for a specific hour of the day, since we will be
using time-specific linear models. In particular, we consider the case for 1 am. When
plotting the temperature against the load, and fitting a simple linear model, we obtain
Figure 3.13. We can now see that the pattern at 1 am is much smoother than when
considering all the hours together. Furthermore, a simple linear model is not sufficient to
model the relationship between load and temperature. What we could do now is either fit
the relationship using a piecewise linear function or look for quadratic or higher-degree
polynomial relationships.

I i
-10 0 10 20 30 40 50 60 70 80
Temperature (°F)

Figure 3.13: New England’s dry bulb temperature x demand, at 1 am, with simple
linear model.

Let us start using a piecewise linear function. We may expect that for this hour the
breakpoint of the function will be around 50-55°F. We start by initializing the breakpoint
at 60°F. Then, we create two linear models, one for high temperatures and one for low
temperatures. In the beginning, these two models will not collide at the breakpoint.
Therefore, to look for the correct breakpoint, we search for the point at which the two
estimated lines collide. To do this, we start by looking at the difference between the two
lines in the point of interest and then use a while cycle that modifies the breakthrough
point until a certain tolerance for the difference is obtained. Running this algorithm, we
get that the point is at 54.9°F, as shown in Figure 3.14. Furthermore, we have that the
mean R squared between the two models, weighted on the number of observations, is
0.837. If instead, we are not interested in making the two lines collide, but only in the
breakpoint that provides the best score, we have that the new breakpoint is at 53.3°F
and the mean R squared is 0.841.

Let us now instead investigate other polynomial relationships. Let us start by con-
structing a quadratic linear model and a cubic linear model. The graph of the fitted
curves is shown in Figure 3.15. It is clear that the quadratic model is a big improvement
with respect to the simple linear model from Figure 3.13. Nonetheless, it is not able to
capture the exact relation. Instead, the cubic linear model manages to link temperature
to the demand more accurately. This can also be seen by looking at the adjusted R
squared: for the quadratic model, the score is 0.703, while for the cubic one, it is 0.858.
We can extend the research also on higher-degree polynomials. In this case, we inves-
tigate the polynomial models by looking at the Bayesian Information Criterion (BIC).
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Figure 3.14: New England’s dry bulb temperature x demand, at 1 am, with piecewise
linear model.
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Figure 3.15: New England’s dry bulb temperature x demand, at 1 am, with fitted
quadratic and cubic polynomials.

We have investigated the scores until the fourth-degree polynomial, and we applied this
procedure to the following cases: aggregated load at 1 am; aggregated load for all 24
hours, in which the average between the hourly BICs is displayed; subregional load for
all 24 hours, in which the average between the hourly and regional BICs is displayed,
and each subregional model considers all the temperatures from all regions as regressors;
subregional load for all 24 hours, in which the average between the hourly and regional
BICs is displayed, and each subregional model only considers the temperatures in that
specific area as a regressor. The results are available in Table 3.1.

By looking at the table, we can see that the results for a higher polynomial are
generally better, even though in the case when the subregional loads use all the other
temperatures as regressors, the BIC is higher for the degree 4 polynomial. For the other
cases, we can notice that after the third-degree polynomial, the BIC only decreases by
a slight amount, indicating that the cubic polynomial may be sufficient. Furthermore,
we can see that the aggregated load at 1 am has better results than when considering
all the hours together. This happens because the relationship is less noisy at 1 am
than for other hours of the day. Moreover, an interesting conclusion can be drawn from
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3.2. Linear relationships

Degree 1 2 3 4
Aggregated load, 1 am 8.882 8.261 7.883 7.869
Aggregated load 9.232 8.802 8.627 8.622
Subregional loads 6.895 6.530 6.465 6.706
Independent subregional loads | 6.909 6.546 6.431 6.430

Table 3.1: BIC-107*, on the columns the degree of the polynomial relationship between
demand and dry bulb temperature, on the rows the case of study.

the two subregional loads score. From the table, we can observe that after degree 3,
the subregional models perform better when only the subregion-specific temperature is
used. From this, we can assume that the relationship between load and temperature is
subregion specific. Following this observation, when creating the models for Electrical
Load Forecasting, it may be wise to consider subregion-specific emission distributions.

If we apply the same procedure for the dew point temperature, we obtain similar
results. In Figure 3.16, we show the fitted fourth-degree polynomial over the dew point
temperature, and we can see that the model’s accuracy looks similar to the dry bulb
case. In particular, when analysing again the BIC criterion, we find that again, higher
degree polynomials are indeed performing better, but the scores are slightly higher than
in the case for dry bulb temperature. This means that dry bulb temperature is a better
predictor of the load.

I I i i
-10 0 10 20 30 40 50 60 70 80
Temperature (°F)

Figure 3.16: New England’s dew point temperature x demand, at 1 am, with fitted
degree 4 polynomial.

Finally, by fitting a four-degree polynomial using both dry bulb and dew point tem-
perature, we find the best results. This implies that, even though dew point temperature
performs worse than dry bulb temperature, it still contains valuable information that
manages to improve the results obtained using only dry bulb temperature.

25



3.2.3 KF emission model: Y;|X;

Now we analyse the relationship between load and temperature that is present in the
Kalman Filter emission distribution, which means that this time we model the load to
predict the dry bulb and dew point temperature. Let us start by looking at Figure 3.17,
which shows the scatter plot between the aggregated load and the dry bulb temperature
at 1 am. From the plot we can clearly see that, there is a crucial issue in creating a
linear model to predict the temperature starting from the load. In fact, there will not be
any polynomial linear model that manages to predict the temperature accurately. This
is because the curve formed by the cloud of points is not a function. For example, let us
suppose that we observe a value of 14 GW in demand (red dotted line). In this situation,
we do not know if this high demand is given by very high or very low temperatures. The
temperature could in fact be around 10°F or around 70°F, and there is no way to tell
the difference.

Temperature (°F)

I L L I )
0.8 09 1 11 12 13 14 15 16 1.7 18
Demand (MW) x10%

Figure 3.17: New England’s demand x dry bulb temperature, at 1 am, with linear
model.

One solution to tackle this problem would be to expand the space of the response
variable, adding polynomial terms for the different temperatures. This way would prove
effective since in the previous subsection it was shown that a linear relationship between
the load and the polynomial temperatures does indeed exist. Another solution to deal
with this problem is to consider also seasonal information that is present in the data. In
fact, we know that if we find ourselves in winter, a high demand probably corresponds to
a low temperature, and vice versa if we are in summer, high demand is the consequence
of warm weather. This leads to the idea of adding a dummy variable that corresponds
to the two winter and summer categories. For this analysis, and by looking at the
best split in the data, we define winter as the union of the following months: October,
November, December, January, February, March and April, while summer is the union
of the remaining months.

We can now fit the linear model with the new categorical variable, using also an
interaction term in order to change also the slope of the two lines. The results of
this division is shown in Figure 3.18, in which the cloud of points is divided into two
categories. In red, there are the summer observations and in green the ones in winter.

56



3.3. Evaluation metrics

Furthermore, we added the lines corresponding to the new fitted linear models: in black
the summer linear model and in blue the winter one.

)

Temperature (°F

L L . . )
0.8 0.9 1 11 1.2 1.3 14 15 16 17 18
Demand (MW) %10*

Figure 3.18: New England’s demand x dry bulb temperature, at 1 am, with two seasonal
linear models. In red, we have summer observations, in green winter observations.

It is already clear by looking at the plot that these two categories create a sufficiently
good split between summer and winter observations, and that both clouds of points may
be described using a polynomial function. When creating the two linear models, we have
already good results, with an R squared score of 0.911. Remember that the scores are
not comparable with the ones from the MAPLF emission distribution. When instead of
two simple linear models, we use two linear quadratic models, the score slightly increases
to 0.915.

In this section, we analysed three different relationships. At first, we showed that
there exists a linear relationship between the demand at two consecutive hours of the
day, and also that the parameters of this model are hour-specific. Then we showed that
the load can be successfully modeled starting from the temperatures, but we need to
rely on either piecewise linear models or on polynomial regression, since a simple linear
model is not sufficient. This remark will be useful when we will analyse the accuracy of
the forecasting models in Subsection 3.4.2. Moreover, when using polynomial regression,
we have noticed that when we need to model the load for a specific region, the accuracy
do not benefit from the knowledge of other regions’ temperatures. At last, we found
that the accuracy of the load forecasting algorithms will probably be improved by using
a seasonal dummy variable.

3.3 Evaluation metrics

In order to make an informative comparison between the different forecasting methods,
a set of metrics that evaluate the accuracy of the predictions need to be defined. All the
forecasts consist of multivariate probabilistic forecasts, and therefore, different types of
evaluation metrics can be used. We first start presenting three metrics that are used for
univariate forecasts, and at the end, we present a method used for multivariate forecasts.
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3.3.1 Single-value forecast metrics

At first, single-value forecast metrics are introduced. In particular, since the forecasts
consist of a normal distribution, the mean will be adopted as a point forecast. There
are many different metrics that are found in the literature and a complete study can
be found in Hyndman and Koehler (2006). For this study, the focus is set on the two
most commonly used ones. Furthermore, we first concentrate on the univariate case and
apply these measures separately for each forecasted component.

Let x; be the actual real value of the load, and let f; be the forecasted value.

Root mean squared error (RMSE)

Root mean squared error is one of the most common measures for evaluating the accuracy
of several point forecasts.

n

i=1

Like MSE, it is a scale-dependent metric, but it is usually preferred since it has the same
scale as the original time series and is therefore more interpretable. In addition, for its
scale-dependency, we should pay attention when comparing the values for the different
time series in the multivariate loads. One way to mitigate this issue is to normalize
the various time series. Furthermore, this metric is sensible to outliers, since a large
deviation between the forecast and the real value leads to a large value for (z; — fi)2.

Mean absolute percentage error (MAPE)
Another common metric that is used is the mean absolute percentage error.

n

100
MAPE = — Z

i=1

ZUi—fi

Z;

This metric is a modification of the Mean Absolute Error (MAE) metric that overcomes
the issue of scale dependency by dividing the error by the observed value x;. However,
one problem with MAPE is that it cannot be used when the time series points are or are
close to zero since the term in the denominator will lead to values that are or are near
to infinity. Moreover, MAPE puts a heavier penalty on positive errors, so modifications
such as the symmetric mean absolute error have been proposed.

3.3.2 Probabilistic forecast metrics

Probabilistic forecast metrics are in general less utilised than point forecast measures.
An analysis of probabilistic forecast evaluation and a brief summary of the main methods
is conducted in Hong and Fan (2016).
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3.4. Electricity Load Forecasting: aggregated load

Pinball loss

Pinball loss is probably the most common metric for evaluating the quantiles of the
probabilistic forecast. Let x; be the real value of the load, and let fi(q) be the ¢-th
predicted quantile.

Pinball@ — 1 3 p@. where pl@ — {(1 - q)(](“g)q) — ;) ?f z; < f{q;
n= ' ' q(zi — f;") if z; > f;*

Pinball loss corresponds to the function that has to be minimized in quantile regression.

The lower the value, the better the quantiles are estimated. When using it to measure the

accuracy of the whole multivariate distribution, the problem of retrieving the quantiles

arises. Therefore, when adopting this metric to evaluate a multivariate time series, the

score is applied to each component independently and then the mean establishes the

total loss.

3.3.3 DMultivariate probabilistic forecast metrics

Multivariate probabilistic forecasts require further investigation. Univariate probabilis-
tic forecast evaluation metrics are not sufficient and often there is not a direct translation
into a multivariate scenario. For example, while the ¢g-th quantile for a univariate distri-
bution is easily determined, when working on multiple dimensions, an infinite number
of quantiles can be found. New metrics are required, and to tackle this problem, in
Bjerregard et al. (2021) the authors propose three methods for multivariate forecasts
evaluation. We will focus only on one of these.

Let x; be the real value of the load, and let f;(-) be the multivariate density function
of the forecasted distribution.

Logarithmic score

The Logarithmic score is a simple metric that originates from information theory. This
is defined by

1 n
LogScore = - Zzl log(fi(x:))
This score is equivalent to the negative log-likelihood of the forecast model, and when
working on Gaussian distributions, the Logarithmic score is proportional to the Dawid-
Sebastiani score. The score is easy to compute when the density is available, and when
there is no density, a kernel density estimate is adopted. One downside of this score is
that it hardly penalizes unlikely observations.

3.4 Electricity Load Forecasting: aggregated load

Having analysed the data and the relationship between the variables, it is time to apply
the electricity load forecasting methods introduced in Chapter 2 to forecast New Eng-
land’s demand. The four methods that will be analyzed are Kalman Filter, MAPLF, the
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Inverted State-Space Model and the Vector Autoregressive model. The fourth method
is used to understand the importance of the temperature variable.

The procedure for testing the accuracy of the methods is the following. For each
model:

1. the parameters of the model are trained for T, days;

2. afterwards, for a period of T}, days, for each day the following process is conducted:
the model creates a 24 hours ahead forecast with the data collected until that day,
the accuracy is calculated using the four metrics that were discussed, subsequently,
the real observations are included in the training data and used to update the
parameters.

This procedure is used to simulate a real-world scenario, in which an electric power
company needs to compute a one-day ahead forecast and during the following day it can
evaluate the forecast, by comparing it with the real consumption. We should point out
that the temperatures that are used to produce these 24-hour forecasts consist of real
observations. In a real-world application, this information would instead be formed by
accurate temperature forecasts, and therefore the prediction may be less accurate.
Furthermore, all observations, i.e., both the loads and the exogenous time series, are
normalized so that all the data is between 0 and 1 using the following formula:

Ty — min x,
t

max r; — min x;
¢ ¢

This normalization was used in Guo et al. (2022), and for the scope of this thesis, it was
preferred to the standardization, since for the latter, errors in calculating the MAPE
score may OocCcur.

In this section, we present an analysis that only considers New England’s aggregated
load, and in Section 3.5 we will study the predictions for all of New England’s subregions.
The parameters are trained starting from January 1st 2004 for a period of 2 years, and
afterwards, the daily prediction+training procedure is applied for a period of 3 years,
until the end of December 2008. For all four models, we update the parameters with a
value A = 1 as exponential weight, which means that the parameters are equivalent to
the ones found with the OLS estimator. To evaluate the predictions, MAPE, RMSE,
Pinball score (with quantiles ranging from 0.1 to 0.9) and Logarithmic score are used.

For the first round of forecasting, only the hour of the day is used as calendar type.
The latent variable is given by the univariate aggregated load, while the observed variable
is given by the two-dimensional vector that comprises New England’s average for both
dry bulb and dew point temperatures.

The forecasting results can be seen in Table 3.2. The columns represent the technique
that has been used to create the forecast, and the rows the specific evaluation score that
has been used to calculate the score. The table shows that the best model is the Inverted
SSM according to MAPE and Logarithmic score, while the simple VAR model performs
better according to the RMSE and Pinball loss. Furthermore, the forecast given by
Kalman Filter is in general more accurate than the one from the MAPLF algorithm.
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3.4. Electricity Load Forecasting: aggregated load

MAPLF Kalman Filter Inverted SSM VAR

MAPE 15.80 14.24 12.84 13.01
RMSE -10? 7.7 6.54 6.05 5.95
Pinball Loss -10? 2.74 2.35 2.12 2.10
Log Score -0.37 -1.40 -1.57 -1.48

Table 3.2: Forecasting results using New England’s aggregated load and the tempera-
tures, on the columns the forecasting technique, on the rows the evaluation metric that
was used.

Now we look at the plot of the predictions for a random winter week. Figure 3.19
shows the forecasts from January 30th to February 5th 2006. When looking at the
green line that corresponds to the real load curve, we can clearly see that weekend’s
demand cannot be forecasted successfully. This was expected, since no calendar type
corresponding to the type of day was included in the model, and moreover, the choice of
A = 1 does not allow for dynamic changes in the models. Furthermore, the forecasts from
Kalman Filter and Inverted SSM are very close to each other, while the MAPLF forecast
appears more robust to changes between the days. In general for a given algorithm, the
forecasts for each day are similar, and this may be determined by the choice of A = 1,
which does not consider the effects of recent changes.
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Figure 3.19: New England’s total demand together with the predictions given by the
four forecasting methods, 30 Jan. 2006 - 5 Febr. 2006.

3.4.1 Type of day influence

When introducing calendar types in section 2.1.3, it was mentioned that in order to
improve prediction, one way would be to distinguish between workdays and weekends.
Indeed, consumption patterns change significantly between these two types of days. In
particular, now we will modify the calendar types set so that we can indicate whether a
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specific day is a workday or a non-workday, which includes weekends and public holidays.

MAPLF KF Inv. SSM VAR

MAPE 1225 20, 10.00 500 7.39 san  8.70 s,
RMSE -10? 6.50 1o 521 ooy 4.06 s 443 ogn
Pinball Loss -10% | 2.27 74 1.76 _95% 1.32 339 1.47 509
LOg Score _0-73—0.36 —1.65_0_25 —200_043 —1.71_0_23

Table 3.3: Forecasting results using New England’s aggregated load, the temperatures
and information regarding the type of day. In red the differences with Table 3.2 are
shown.

The results for the 24-hour forecasts are shown in Table 3.3. Additionally to the
scores, in red we show also the improvement with respect to the metrics from Table 3.2.
The improvements are shown in percentage for the first 3 scores, while for the Log score,
we show the absolute improvement since this score can be both positive and negative.

From the table, it is clear that adding the type of day significantly improves all
results. Moreover, we can clearly see that inverted SSM is now the method with the
best results for all four scores, and it is also the one with the most improved results.
The second best method is the simple VAR, which shows a big improvement as well.
The third best method is KF and at the last position, we have MAPLF, which is the
worst method, and also the one with the least improvements.
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Figure 3.20: New England’s total demand together with the predictions given by the 4
forecasting methods, with day type, 30 Jan. - 5 Febr. 2006.

To have a further look at the effects of the type of day, we can see how the prediction
changes graphically. Taking as reference the predictions from Figure 3.19, we want to see
how the predictions change. Figure 3.20 shows the same plot with the new predictions.
It is clear that now the weekends are modelled much better. Consequently, also workdays
are predicted slightly better since the specific parameters that are learnt do not contain
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3.4. Electricity Load Forecasting: aggregated load

observations of holidays or weekends. From now on, all predictions will distinguish
between workdays and weekdays.

3.4.2 Polynomial temperatures

In the two previous scenarios, we have seen that only the Inverted SSM is able to score
generally better than the VAR model. This may lead to the conclusion that, for Kalman
Filer and MAPLF, the temperature is not able to add important information to enhance
the forecast.

Nonetheless, it is important to notice that until this moment, we have simply used
as observed variable the vector that contains the temperature. In Subsections 3.2.2 and
3.2.3, we have studied the relationships between the load and the temperatures, and
we found that a simple linear relationship is not sufficient to model this relationship.
Therefore, now we will study how the forecasts are affected when we change the vector
of observed variables. In particular, we will add a quadratic and a cubic term for both
dry bulb and dew point temperatures to the vector of observed variables. The results of
this modification are shown in Table 3.4, in which in red we have the improvement with
respect to the results in Table 3.3.

MAPLF KF Inv. SSM VAR

MAPE 6.40_45% 6.46 359 5.10 319 8.70
RMSE -10? 3.01_549 3.10_ 409 2.69 349 4.43
Pinball Loss -10? | 1.10_s59 1.14_379 0.93_399, 1.55
Log Score —1.87 114 —186_p91 —2.04_gos —1.71

Table 3.4: Forecasting results using New England’s aggregated load, polynomial tem-
peratures up to the third-degree and information regarding the type of day. In red the
differences with Table 3.3 are shown.

By looking at the scores, MAPLF is definitely the method that has enhanced its
prediction the most, with an improvement of around 50% in all the scores. Further-
more, we can see that in this case, MAPLF is performing better than KF and that the
Logarithmic score has decreased significantly. This means that now the multivariate
probabilistic forecast obtained using MAPLF is more reliable. The second method that
has significantly increased its performance is the one based on Kalman Filter. Finally,
we have the Inverse SSM, which achieves gains that are slightly above 30%. In the
table, we can also observe the VAR model, which is left untouched by the changes in
the observed variables and has now the worse scores among all methods.

This significant improvement in the prediction’s accuracy implies that the observed
variable, which in our case is the temperature, plays an important role in enhancing the
forecast. In particular, the Inverted State-Space Model reaches an improvement with
respect to the VAR model of 41% for the MAPE, 39% for the RMSE and 40% for the
Pinball loss. The Logarithmic score is also smaller, by an amount of 0.33.

These gains in accuracy highlight that the simple temperature vector is not able to
use the temperature information successfully. On the other hand, if we add quadratic
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and cubic terms, we can predict the load much more accurately. Since the idea of
adding polynomial terms comes from the observations in Subsection 3.2.2, it follows
that it is important to conduct a preliminary analysis of the relationship between the
latent variable and the observed variable.

In Subsection 3.2.3 we have seen that another way to better capture the relationship
between load and temperature is to distinguish between winter and summer observa-
tions. We will consider that the winter season starts in October and ends in April. To
implement the seasonality into the emission distribution, we use a winter dummy vari-
able, which is 1 if the observations occur in winter, and 0 otherwise. In particular, for
each component that is currently present in the observed variable vector (which con-
tains also quadratic and cubic terms), we add a copy of it which multiplies the dummy
variable. In this way, we let the model learn season-specific polynomial relationships.

The results are shown in Table 3.5, where the improvements with respect to the
previous table without seasonality are shown in red. The improvements that occur are
in general around 6% for each method and for each score, reaching overall a very good
forecasting performance for these load prediction techniques. Furthermore, we expect
that the seasonal dummy variable is mainly useful when A = 1, since when A < 1, the
dynamical seasonal patterns are modelled by the choice of the hyperparameter. We will
see the effects of this in the next subsection.

MAPLF KF Inv. SSM

MAPE 6.03 g7z  6.06_gu) 4767
RMSE -10° 285 5% 291 en 2526w
Pinball Loss -102 1‘03(—6%) 1.06(_7%) 0.86(_8%)
LOg Score _1-93(70.06) _1-94(70.08) _2-10(70.06)

Table 3.5: Forecasting results using New England’s aggregated load, polynomial tem-
peratures up to the third-degree, a winter dummy variable and information regarding
the type of day. In red the differences with Table 3.4 are shown.

3.4.3 Exponentially weighted likelihood: the effect of A

In Section 2.6, the hyperparameter A has been introduced for estimating the parameters
of the different distributions. This parameter determines the importance of each obser-
vation in the definition of the support structures. In particular, this weight is given by
A"~ where n is the number of observations and 7 is the index of each observation, with
t = n being the most recent one. To be valid, A needs to be a positive number, and
usually, it is set between 0 and 1. If the value of A is 1, then all observations are consid-
ered equally in their contribution to the likelihood function, and therefore, the estimated
parameters equal the ones obtained by the multivariate Ordinary Least Squares method.
If on the other hand, A < 1, then the most recent observations will have a higher weight
than the older ones. This will lead to the possibility of dynamic changes in the models
because bigger importance is given to the newly observed loads and temperatures.
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3.4. Electricity Load Forecasting: aggregated load

As the likelihood functions are clearly model-dependent, we may find different opti-
mal values for A for each forecasting technique. In the remaining of the section, we look
at each of the algorithms in turn.

Inverted SSM

We start by looking at how the choice of A impacts the scores of the inverted SSM, by
looking at different versions of the model and comparing the scores across a range of
values of lambda.
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Figure 3.21: MAPE, RMSE, Pinball loss and Logarithmic score plots, in which on the z-
axis there is A, and on the y- axis, the evaluation metric for the Inverted SSM algorithm
is computed. The model uses the temperature linearly, and the point of minimum score
is highlighted.

Since we do not know how the meteorological variables impact the model when A < 1,
we start to look at the scores in the case in which we model the relationship between
load and temperature linearly, i.e., we only use dry bulb and dew point temperatures in
the observed variables vector. To see the impact of different values for A, we plot the 4
scores with respect to the value of A\. Figure 3.21 shows the results for 0.64 < A\ < 1.01.
Additionally, in the plot, the point of minimum is highlighted for each score. We can see
that the minimum for MAPE, RMSE and Pinball Loss is attained around A = 0.78, and,
at that point, the model reaches sufficiently good results in terms of performance. The
results are not as good as the ones we found in table 3.5, but considering that we use the
temperature linearly, there is a big improvement using values for A that are smaller than
1. Nonetheless, the logarithmic score for A = 0.78 is equal to 2.015, which is a rather
poor score. This is in contrast with the other scores’ results, and in particular, this
leads to different conclusions about the importance of the hyperparameter \: MAPE,
RMSE and Pinball loss affirm that A should be equal to 0.78, while the Logarithmic
score requires \ to be equal to 1.

Let us now introduce quadratic and cubic temperature terms in the observed vari-
ables. Figure 3.22 shows the results for 0.9 < A < 1.01. In this case, we reach the best
results for MAPE, RMSE and Pinball Loss when A is around 0.95. In particular, the
values for these scores at the optimal point are very similar to the ones in the Inverted
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Figure 3.22: MAPE, RMSE, Pinball loss and Logarithmic score plots for the Inverted
SSM algorithm. The model uses the temperature with additional quadratic and cubic
terms, and the point of minimum score is highlighted.

SSM column of Table 3.5. Nevertheless, as before, the logarithmic score reaches the best
results only when A = 1. This again poses a problem, since we do not know which A is
preferred in a probabilistic forecast, as it depends on the measure being used. For this
reason, the model from the previous subsection with a cubic relationship between load
and temperature and with the seasonal dummy variables may be preferred.

Finally, we point out that when using values for A that are smaller than 1 together
with the winter dummy variable, the results are all worse than when using A = 1. The
only value that is barely better is the RMSE that reaches the minimum when A = 0.99
with a value of 0.0251.

MAPLF

Now we turn our attention to the MAPLF model. We directly choose to use the model
that contains also quadratic and cubic temperatures, without the seasonal dummy vari-
able. In the case of MAPLF, the values for A are two: one for the transition distribution
and one for the emission one. This means that the space in which to look for the min-
imum is much bigger than before. In particular, this means that instead of a line, we
will be looking at a surface.

Figure 3.23 shows the surfaces for each score, in which for the transition model,
0.6 < A < 1.02 and for the emission model, 0.86 < A < 1.02. First of all, we can see
that in general, the optimal A for the emission distribution is 1 or close to 1. This is
also probably due to the fact that we are using a higher degree polynomial to model the
relationship, which is flexible enough to account for recent changes. Instead, regarding
the A for the transition distribution, the optimal A value appears to be much lower.
Indeed, for MAPE, RMSE and Pinball loss, the best A is around 0.8. Furthermore, at
the minimum, the scores have decreased significantly. When looking at the differences
with the results in Table 3.4, which corresponds to the case in which both transition and
emission As are 1, we have that MAPE decreases of 25%, RMSE of 17% and Pinball loss
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Transition A = 0.82
Emission A =1
RMSE = 0.024539

nsition A = 0.78 0.035 - ¥
ission A = 0.96
PE = 4.8098

>3

Transition Lambda Emission Lambda Transition Lambda Emission Lambda

= 4 Aransifion A =094
:Transition A = 0.8 FEmission A = 1
10g score = -1.9085

)
2
¥

Emjssion A =098
0084926

Pinball loss
o
2

Log score

o
=1
=1
&

Transition Lambda 06 085 Emission Lambda Transition Lambda Emission Lambda

Figure 3.23: MAPE, RMSE, Pinball loss and Logarithmic score plots, in which on the x
and y-axis there are the transition and the emission As, and on the 2- axis, the evaluation
metric for the MAPLF algorithm is computed. The model uses the temperature with
additional quadratic and cubic terms, and the point of minimum score is highlighted.

of 23%. This means that for MAPLF, changing the values for A will definitely help.

On the other hand, as observed for Inverted SSM, the Logarithmic score points to
different conclusions. According to this metric, the value for A relative to the transition
probability should be much closer to 1, around 0.96.

Kalman Filter

When we apply the same procedure also for Kalman Filter, we obtain Figure 3.24, in
which we have used the same intervals for ).
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Figure 3.24: MAPE, RMSE, Pinball loss and Logarithmic score plots, in which on
the x and y-axis there are the transition and the emission As, and on the z- axis, the
evaluation metric for the Kalman Filter algorithm is computed. The model uses the
temperature with additional quadratic and cubic terms, and the point of minimum
score is highlighted.

As for MAPLF, by looking at MAPE, RMSE and Pinball loss, the optimal A\ for
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the transition distribution is around 0.8, while for the emission distribution it is around
0.98. The scores that are obtained at the minimum are very similar to the ones obtained
by MAPLF: MAPE of 4.85 (-25%), RMSE of 0.025 (-19%) and Pinball loss of 0.0086
(-25%). Again, when looking at the Logarithmic score the conclusions change, with the
best A for the transition distribution which is 0.96, and the best value for the emission
distribution which is equal to 1.
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Figure 3.25: MAPE, RMSE, Pinball loss and Logarithmic score plots for the VAR model.
The point of minimum score is highlighted.

Finally, we look at the effects of changing A for the VAR model. In this case,
we will have only one hyperparameter and we investigate the results over the interval
0.85 < A < 1.01. Figure 3.25 shows that according to MAPE, the best score is obtained
considering A = 0.88. In this case, the MAPE is equal to 6.75, which is a 22% decrease
with respect to Table 3.4. Furthermore, RMSE and Pinball loss have a minimum around
A = 0.92 and in this case, there is a decrease of respectively 13% and 19%. This time
the minimum according to the Logarithmic score is not when A = 1, but when X is equal
to 0.96.

3.5 Electricity Load Forecasting: subregional load

One peculiarity of the forecasting techniques that were proposed is the possibility to
predict multivariate load distributions. Therefore, we now turn our attention to the
forecast of all 8 subregions of the New England dataset. In particular, the subregions
are Maine (ME), New Hampshire (NH), Vermont (VT), Connecticut (CT), Rhode Island
(RI), Southeastern Massachusetts (SEM), Western Central Massachusetts (WCM) and
Northeastern Massachusetts (NEM).

We use the same procedure as for the aggregated load, in which we first train the
parameters for a period of 2 years, and afterwards, for a period of 3 years, for each day
we provide a 24-hour forecast and then update the parameters. We will start again using
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A =1 for all models, and we will consider the type of day in the calendar types in all
the results.

Furthermore, all the time series are again normalized so that all the observations lie
between 0 and 1. This permits better comparisons between the regions since the effect
caused by the magnitude of the regional loads are accounted for. Furthermore, this
enables the comparison also when using scale-dependent scores, like RMSE.

3.5.1 Global temperatures

To start the analysis, we first use the global temperatures that have been used when pre-
dicting the aggregated load. These temperatures are a mean of the subregional temper-
atures. In the following analysis, the latent variable is made of the vector which contains
the load of all 8 subregions. The observed variable is made of the two-dimensional vector
which contains the values for the aggregated dry bulb and dew point temperatures.

Table 3.6 shows the scores that are obtained using the multivariate forecasting algo-
rithms that have been presented in Chapter 2. There are four subtables that are shown,
one for each evaluation metric. For MAPE, RMSE and Pinball loss, the columns repre-
sent the region, and the rows indicate the forecasting method. In this case, the regions
that obtain the best and worse results are highlighted using respectively a green and a
red asterisk. Instead, the subtable referring to the Logarithmic score shows one single
score for each forecasting method.

First of all, we can see that there is a bit of heterogeneity between different regions.
When looking at MAPE, the region with the most accurate forecasts is Western Central
Massachusetts, and there are three regions with the worst accuracy, which vary de-
pending on the forecasting method that was used: Southeastern Massachusetts, Maine
and Northeastern Massachusetts. According to RMSE and Pinball loss, on the other
hand, the regions with the best predictions are Rhode Island and Western Central Mas-
sachusetts, while the one with the worst predictions is Maine. Furthermore, MAPLF
is the method that has the most difficulties in creating accurate forecasts, followed by
Kalman Filtering, while Inverted SSM and VAR have very similar scores.

In the column relative to the mean score between the regions, a percentage is added
in red. This percentage indicates the improvement of the model with respect to the
score that would be obtained if each regional component would be trained and predicted
separately. The complete results from the independent models are shown in Appendix
A.3. We can see that each method benefitted from the dependency between the variables.
This means that the interactions between the different loads are important for enhancing
the forecast. When looking at the percentages, we see that Kalman Filter had an
important improvement of around 25%, MAPLF of around 19% and Inverted SSM of
around 11%. The method that had the smallest gain is the VAR model.

3.5.2 Subregional temperatures

Now we want to find out whether the inclusion of region-specific temperature for each
model can increase the accuracy or not, compared to using the aggregated temperature,
as in the results up to now.
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’ H ME NH VT CT RI SEM WCM NEM | Mean ‘

| | MAPE |

MAPLF || 106 7.7 81 9.0 84 11.5% 6.9 10.9 | 9.1(_19%)
KF 9.9 65 72 69 66 87 5.6 8.9 | 7.5 2%
Inv. SSM || 94* 6.1 7.0 64 6.1 8.1 5.3 8.4 | 7.1 1%
VAR 84 6.2 64 64 6.1 86 5.4 9.0% | 7.1(_19%)
| | RMSE -10*
MAPLF || 59% 50 55 52 49 54 4.7 5.4 | 5.2(_139)
KF 6.0 42 50 4.1 338 4.1 3.9 4.3 | 4.5 24%)
Inv. SSM || 5.7% 4.1 49 4.0 3.6 3.9 3.8 4.2 | 4.3(_10%)
VAR 4.8% 41 43 40 3.7 4.1 3.8 4.4 | 4.2 g%
| | Pinball loss -10?
MAPLF || 2.1* 1.7 20 19 1.7 18 1.6 1.8 | 1.8( 19%)
KF 20 14 1.7 14 1.3 1.4 1.3 L4 | 1.5 2%
Inv. SSM || 2.0* 1.3 1.7 13 1.2 1.3 1.3 1.3 | 1.4 139
VAR L7 13 15 13 1.2 1.4 1.3 1.4 | 1.4 9y
Logarithmic score
MAPLF | KF | Inv. SSM | VAR

| —11.60 | —2041 | —20.69 | —21.68 |

Table 3.6: Forecasting results using New England’s subregional load and the tempera-
tures. For MAPE, RMSE and Pinball loss, on the columns the region, on the rows the
forecasting technique that was used. For the Logarithmic score, on the columns, the
technique is represented. In red the differences with Table A.1 are shown.

When trying to run the algorithms for the multivariate load forecast, we come across
a problem: the emission covariance matrices for MAPLF and KF and the covariance
matrix for the distribution of the Inverted SSM are singular or close to singular. This
makes it impossible to forecast the demand. One way to solve this issue may be to
consider fewer regions so that the structure of the covariance matrices remains simpler
and therefore invertible. This would then involve an additional study to choose which
regions to consider together.

Instead, another way to look at the influence of subregional loads is to run the fore-
casting algorithms using the subregional temperatures from one specific region. Intu-
itively, the region from which the temperature is taken will perform slightly better, while
the other regions will predict the load slightly worse. Then, we extract the subregion-
specific prediction from the model and apply these procedures to all eight regions. From
here we can have an idea of how much the subregional temperatures improve the predic-
tions. Using these procedures and looking at the mean of the MAPE score, by comparing
it to the results from Table 3.6, we obtain the following:

e MAPLF will actually perform generally worse, with a worsening of 0.33%.

e KF will improve an average of 4.46%.
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3.5. Electricity Load Forecasting: subregional load

e Inverted SSM will also improve, showing a decrease in the mean MAPE of 2.36%.

We can see that there hasn’t been a significant improvement regarding the forecast
accuracy, and the MAPLF method even obtained worse results. Another way to investi-
gate the influence of subregional temperatures would be to look at how the independent
models are enhanced by the use of these variables. Table A.2, in the Appendix, shows
the evaluation metrics score that we obtain when running this scenario. In particu-
lar, all the metrics apart from RMSE are showing slightly worse results when using
subregion-specific temperatures with respect to the global ones.

The observations collected in this subsection lead to the conclusion that, especially for
computational reasons, it is preferred to use models that consider global temperatures.
A scenario in which the use of subregion-specific temperatures may be beneficial is if we
would consider regions that have a more diverse climate between each other.

3.5.3 Polynomial temperatures

The most accurate forecasts that we have obtained thus far were the ones produced by
the VAR model in Table 3.6. Using this result as a baseline, we now take a look at
how to improve the performance of the other methods by looking at the meteorological
variables. The weather variables we will be using are the global ones, for the reasons
that were explained in the previous subsection. Moreover, we will be using both dry
bulb and dew point temperatures, including quadratic and cubic terms, respectively.
Also, we will add the winter dummy variable.

At first, we analyse the MAPE. Table 3.7 shows the MAPE of the different models
with the new variables. Furthermore, the improvements (in percentage) with respect to
the VAR model results are shown.

’ H ME NH VT CT RI  SEM WCM NEM ‘ Mean‘

| VAR | 84 62 64 64 61 86 54 90 | 7.1 |

MAPLF | 8.2 4.6 5.5 5.1 4.7 6.2 3.8 6.3 5.6
(%) 2% -26% -14% -20% -23% -28% -30% -30% | -21%
KF 8.6 4.9 6.3 5.3 5.2 6.3 4.0 6.5 5.9
(%) +2% 21% 2% -17% -15% -27% -26% -28% | -17%

In. SSM | 8.2 4.6 6.2 4.8 4.8 6.0 3.8 6.2 5.6
(%) 2% -26%  -3% -25% -21% -30% -30% -31% | -21%

Table 3.7: MAPE results using New England’s subregional load, polynomial temperature
up to the third degree and a winter dummy variable. On the columns the region, on the
rows the forecasting technique that was used. In red, the improvements with respect to
the VAR model.

It is clear that the inclusion of quadratic and cubic terms for the temperatures
increases the accuracy significantly. By looking at the MAPE, in general, Inverted SSM
and MAPLF both obtain the best scores, followed by Kalman Filter. Nonetheless, we
need to point out that all three models obtain remarkably similar scores. The general
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gain with respect to the VAR model is around 20%, which is a significant improvement.
The region that has the highest errors, Maine, is also the region which has the smallest
gains, and in this region, Kalman Filter is not able to exceed VAR'’s forecast accuracy. On
the contrary, Western Central and Northeastern Massachusetts show the best scores and
also the biggest decrease in error with respect to the VAR model. Moreover, MAPLF,
Kalman Filter and Inverted SSM all achieve a significant improvement with respect to
Table 3.6, with MAPLF holding an important 38% average decrease in MAPE.

’ H ME NH VI CT RI SEM WCM NEM‘Mean‘

| VAR [ 48 41 43 40 37 41 38 44 | 41 |
MAPLF || 45 29 38 30 27 28 25 27 [ 31
(%) 6% -29% -12% -25% -27% -32% -34% -39% | -24%
KF 52 32 44 33 30 30 27 27 | 34
(%) || +8% -22% +2% -18% -19% -27% -29% -39% | -17%
In. SSM| 50 31 43 31 27 28 26 26 | 33
%) [ +4% -24% - -23% -21% -32%  -32%  -41% | -20%

Table 3.8: RMSE -10? results using New England’s subregional load, polynomial tem-
perature up to the third degree and a winter dummy variable. In red, the improvements
with respect to the VAR model.

Table 3.8 shows the results in terms of RMSE. According to this score, the best
method is MAPLF, followed by Inverted SSM and Kalman Filter. Also in this case, the
improvements are around 20%. The regions with the worst and best scores are again
Maine and Western Central Massachusetts, respectively. Moreover, for both Maine and
Vermont, Kalman Filter and Inverted SSM are not able to achieve better accuracies
than the VAR model.

’ H ME NH VI CT RI SEM WCM NEM‘Mean‘

| VAR [ 168 132 150 132 119 135 125 140 | 1.38 |

MAPLF || 1.60 0.94 133 104 090 095 0.8 095 | 1.07
(%) 5% -29%  -11%  -21%  -24%  -30%  -32%  -32% | -22%
KF 1.74 1.02 153 1.10 1.00 098 091 095 | 1.15
(%) +4%  -23% +2% -1T% -16% -27% -27% -32% | -17%

In. SSM || 1.69 097 150 1.01 092 092 0.86 091 | 1.10
(%) +1% -27% - -23%  -23% -32%  -31%  -35% | -20%

Table 3.9: Pinball loss -10? results using New England’s subregional load, polynomial
temperature up to the third degree and a winter dummy variable. In red, the improve-
ments with respect to the VAR model.

Now we would like to evaluate the forecast in terms of the distribution. Therefore,
let us start by looking at the Pinball loss score. Table 3.9 shows the results and the
improvements in percentage with respect to the loss that was incurred by the VAR model.
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3.5. Electricity Load Forecasting: subregional load

Notice that the Pinball loss evaluates only the distribution of each component separately.
According to this score, the multiple univariate probabilistic forecasts are improving as
well. Once again, MAPLF, KF and Inverted SSM are reaching very similar results,
with MAPLF scoring slightly better in general. The second best method is Inverted
SSM followed by Kalman Filter. Similarly to the other scores, Maine and Vermont
are again the regions for which the methods have more difficulties in forecasting the
correct load, while Western Central Massachusetts is the one that produces the most
accurate predictions. From these results, we may assume that the univariate probabilistic
forecasts are enhanced by the presence of quadratic and cubic terms for the temperature
variables.

Finally, let us now take a look at the evaluation for the multivariate probabilistic
forecast given by the Logarithmic score. Table 3.10 shows the scores that we obtain
using the polynomial terms for the temperatures and compares them to the scores that
were obtained in Table 3.6.

H MAPLF KF Inv. SSM VAR

Logscore in Tab. 3.6 || —11.60 —20.41 —20.69 —21.68
Logscore —-12.59 —18.07 —18.57 —21.68
Difference +2.34 +2.12 -

Table 3.10: Logarithmic score results using New England’s subregional load, polynomial
temperature up to the third degree and a winter dummy variable. A comparison with
the Logarithmic score in Table 3.6 is shown.

Surprisingly, by looking at the Logarithmic score it is clear that the VAR model
is still the best model for multivariate prediction. It obtains a score of —21.68, which
is lower than the one from the other methods. Furthermore, only the MAPLF model
slightly improved, while the Kalman Filter and the Inverted SSM even decreased the
accuracy of the probabilistic forecast. Among the methods that use the temperature
variable, Inverted SSM is the best-performing technique, followed by Kalman Filter and
the MAPLF. The big difference in score between MAPLF and the other methods hints
at the fact that this technique is not able to predict the covariance matrix successfully.

These observations indicate that if we are interested in a point forecast or in the
univariate distribution of the regions, MAPLF, Kalman Filter and Inverted SSM all
prove to be stable and efficient algorithms for multivariate forecasts. On the other hand,
when evaluating the structure of the covariance matrix by looking at the Logarithmic
score, the simpler Vector Autoregressive model proves to be the most accurate and also
the most computationally efficient algorithm.

In the Appendix, Table A.3 shows the evaluation metrics scores that are calculated
for the same scenario using independent models. The scores are significantly worse.

3.5.4 The effect of \

Let us now investigate the influence of the hyperparameter A. For simplicity, this time
we will only study the effects on the Inverted SSM model.
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Let us start by considering the model that contains the quadratic and cubic temper-
ature terms, but without the addition of the winter dummy variable. Taking 0.9 < \ <
1.01, the results are shown in Figure 3.26, in which the best value for A for the average
between the regional load metrics is highlighted.
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Figure 3.26: MAPE, RMSE, Pinball loss and Logarithmic score plots, in which on the z-
axis there is A, and on the y- axis, the evaluation metric for the Inverted SSM algorithm
is computed. For MAPE, RMSE and Pinball loss, the subregional score is shown. The
model uses the temperature with additional quadratic and cubic terms, and the point
of minimum average score is highlighted.

It is evident how the different regions have similar behaviours when A changes. Nonethe-
less, there are exceptions. For example for Rhode Island, the best A\ according to RMSE
is equal to 1. For the regional mean, according to MAPE, RMSE and Pinball loss, the
best A is between 0.98 and 0.99. Looking at the subregional curves, this seems to be
a reasonable value also for the different regions. At the minimum, there is a slight im-
provement for MAPE, RMSE and Pinball loss, and the results are slightly better than
the ones obtained using A = 1 together with the seasonal dummy variable, which are
shown in Tables 3.7, 3.8 and 3.9.

Finally, according to the Logarithmic score, the best A is equal to 1. This is coherent
with the behaviour that was observed in Subsection 3.4.3. The score at the minimum
is equal to —20.01, which is lower than the one in Table 3.10. Since the minimum is
reached for A = 1, this indicates that regarding the multivariate probabilistic forecast,
the winter dummy variable worsens the forecast accuracy.

3.6 Different forecast horizons

In Section 3.4 and 3.5, we displayed the forecasting results for 24-hour ahead forecasts.
To complete the analysis about the accuracy of the forecasting algorithms that have
been proposed, let us now look at what happens if we modify the time horizon of the
forecasts. We will investigate two scenarios: a one-hour ahead forecast, in which the
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load is only predicted for the next hour, and a two-weeks ahead forecast, in which a
longer-term prediction is analysed. Regarding the latter case, we should recall that the
temperature that is used to create the forecasts consists of real observations. When
using these models to create real-world forecasts, these observations will be replaced by
accurate weather forecasts. This will definitely influence the models’ accuracy, especially
for long-term forecasts.

In the following subsections, the latent variable consists of the vector containing the
eight subregional loads, and the observed variable consists of the global temperatures,
including quadratic and cubic terms, and the winter dummy variable.

3.6.1 One-hour ahead forecast

The first case consists of one-hour ahead forecasts. In this scenario, the forecasts will be
more accurate, since the prediction errors do not accumulate.

MAPLF Kalman Filter Inverted SSM VAR

MAPE 2.06 1.99 1.73 2.12

RMSE -10? 1.14 1.11 0.97 1.17

Pinball Loss -10? 3.90 3.78 3.27 4.02
Log Score —30.06 —30.53 —30.78 —30.48

Table 3.11: One-hour ahead average forecasting results using New England’s subregional
load, polynomial temperature up to the third degree and a winter dummy variable. On
the columns the forecasting technique, on the rows the evaluation metric that was used.

Table 3.11 shows the results for the evaluation metrics for each forecasting method.
For MAPE, RMSE and Pinball loss, the average score is shown. As we may expect, the
scores are all significantly smaller than the ones we found in Tables 3.7, 3.8, 3.9 and
3.10, since the demand is simpler to predict. Looking at the outcomes, Inverted SSM
is the method that reaches the best accuracy according to all the metrics. In this case,
also the Logarithmic score shows a lower value than for the other methods, which is in
contrast with what we observed in previous cases. The second-best method is Kalman
Filter, and also this technique reaches a better Logarithmic score than the VAR model.
Moreover, MAPLF is the third-best method according to MAPE, RMSE and Pinball
loss, while instead, the Logarithmic score shows poor results and the VAR model is
performing better according to this metric.

Let us now investigate the subregional performances. Figure 3.27 shows four plots,
one for each evaluation metric, in which the score for the four forecasting techniques
is shown. For MAPE, RMSE and Pinball loss, also the regional score is shown and is
represented on the z-axis. From the plots, it is clear that for all four metrics and for all
subregions, the Inverted SSM is the method that creates the most accurate forecasts.
Moreover, MAPLF, Kalman Filter and VAR model all perform similarly for all subre-
gions, and the ranking between these three methods, which was described previously,
remains stable for all regions. Furthermore, it is noticeable that both Southeastern and

75



[

25 |
0.015 1 [ inverted SSM
2 VAR

. RG] o o ) (] 0] ] .
W% o o o B o e W 7
@ o s o T o T
o o el e S W o
we® W N et
X
-3
B o 295
5
o
w 4 8 3ot
[ (]
2 2
53 £
= =
oo % 305
|
1
0 31 :
, M o 5 o A3 % xh 2
‘Wv@@@wﬂqe&oo S cp"“i, e e * . & N
O
b & ™ 5 o
e PR P
SR TN

Figure 3.27: MAPE, RMSE, Pinball loss and Logarithmic score plots evaluated on one-
hour ahead forecasts. For MAPE, RMSE and Pinball loss, on the z axis the region is
indicated, and on the y-axis the score for each method is shown. For the Logarithmic
score, on the x-axis, the method is shown, and on the y-axis there is the corresponding
score.

Northeastern Massachusetts have relatively imprecise forecasts according to MAPLF,
while instead, they obtain good performance when looking at RMSE and Pinball loss.

3.6.2 Two-weeks ahead forecast

Let us now turn our attention to the two-weeks long load forecasts. In this scenario, we
expect the forecasting algorithms to produce less accurate forecasts since the prediction
errors will accumulate along the time horizon.

MAPLF Kalman Filter Inverted SSM VAR

MAPE 6.87 8.78 8.63 16.65

RMSE -10? 3.36 4.31 4.25 7.55

Pinball Loss -10? 1.22 1.54 1.52 2.77
Log Score —6.80 —9.60 —9.89 —17.74

Table 3.12: Two-weeks ahead average forecasting results using New England’s subre-
gional load, polynomial temperature up to the third degree and a winter dummy vari-
able.

Table 3.12 shows the results for the evaluation metrics for each forecasting method.
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For MAPE, RMSE and Pinball loss, the average score is shown. As expected, this time
the scores are higher than the ones we found in Tables 3.7, 3.8, 3.9 and 3.10. According
to MAPE, RMSE and Pinball loss, a big difference in scores between the VAR model
and the other three forecasting techniques can be observed, with the former showing a
significantly poorer forecasting performance. This happens because the only information
that the VAR model is using is given by the inferred parameters and by the demand
at the start of the forecast horizon. On the contrary, the other three models are able
to enhance the forecast using the temperature information and have a bigger advantage
in predicting the load far into the future. MAPLF is, among the three, the technique
that is showing the best forecasting accuracy, and even though the forecasting horizon
is 14 times longer, manages to obtain an RMSE that is only 8% bigger, with MAPE
which increased by 18% and Pinball loss by 12%. The second best forecasting method
is Inverted SSM, followed by Kalman Filter.

When looking at the Logarithmic score, the considerations change significantly. The
most accurate method becomes the VAR model, followed, in this order, by Inverted
SSM, Kalman Filter and finally MAPLF. This observation, together with the results
from Table 3.11, lead to the conclusion that the bigger the forecasting horizon is, the
more inaccurate the multivariate probabilistic predictions given by the temperature-
using models become.
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Figure 3.28: MAPE, RMSE, Pinball loss and Logarithmic score plots evaluated on two-
weeks ahead forecasts. For MAPE, RMSE and Pinball loss, on the = axis the region is
indicated, and on the y-axis the score for each method is shown. For the Logarithmic
score, on the x-axis, the method is shown, and on the y-axis there is the corresponding
score.

Let us investigate how the different subregions are performing. Figure 3.28 shows
four plots, one for each evaluation metric, in which the score for the four forecasting
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techniques is shown. For MAPE, RMSE and Pinball loss, also the regional score is
shown and is represented on the x-axis. According to MAPE, RMSE and Pinball loss,
the VAR model is clearly the technique that has the most difficulties in creating a
reliable forecast for all regions. Kalman Filter and Inverted SSM have really similar
scores through all the subregions, and MAPLF is the method that creates the most
accurate predictions.

Finally, to analyse the accuracy of the single-value forecasts for two-week ahead pre-
dictions, we show Figure 3.29. In this plot, similar to Figures 3.19 and 3.20, we show
the real and the predicted electricity demands for the state of Connecticut, during a
standard winter week, from Monday, January 30th, to Sunday, February 5th 2006. In
particular, all four algorithms are starting to forecast the load from Monday, January
23rd, which means that the figure shows the forecasts during the second week of predic-
tions. From the plot, it appears evident that the VAR model is not able to capture the
intra-day variability, and appears to be over-predicting the demand. On the contrary,
MAPLF, Kalman Filter and Inverted SSM are able to change the daily pattern, because
of the presence of the temperature variable. This is particularly noticeable by looking
at the size of the evening demand peaks, which are very high on Monday and Tuesday
but are significantly lower during the rest of the week. From this, it also follows that
the electricity demand is highly temperature-dependent.
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Figure 3.29: Connecticut’s demand together with the predictions given by the four
forecasting methods during the second week of forecast, 30 Jan. 2006 - 5 Febr. 2006.
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3.7 Conclusions

Load forecasting plays an important role in the provision of electricity, and having ef-
ficient and accurate ways to predict demand, especially in a probabilistic manner, is
crucial for our everyday lives. The objective of this thesis was to propose different sta-
tistical methods for multivariate electricity load forecasting, and to this end, State-Space
Models were chosen since they allowed to enhance the load forecast by using also the
information provided by external variables, for example the temperature. Additionally,
the forecasts that are produced consist of the mean and covariance of a normal distri-
bution, and can therefore be considered a probabilistic forecast, which is more reliable
than a point forecast.

The first method that was described is Kalman Filtering. This method, based on
Linear Gaussian State-Space Models, is a well-known forecasting method, that relies on
a two-phase prediction process. In particular, the predictions are obtained in a recursive
way, in which each prediction step relies on the forecasts estimated in the previous step.

The second method is called MAPLF and consists of a novel modification of Kalman
Filtering based on the paper Alvarez et al. (2021), in which the emission distribution
has been modified. In particular, this technique uses the emission distribution to model
the load by using the external variables as regressors, enabling a more flexible and
intuitive way to employ the additional observations. However, this method relies on the
assumption that the underlying distribution of the latent variable can be modelled using
an improper prior. Since this method is constructed upon Kalman Filter, it relies on
recursive predictions. Another advantage of this algorithm is that it is computationally
more efficient than Kalman Filter, especially when the number of observed variables is
large.

The third method, called the Inverted State-Space Model, is another novel technique
in which in the construction of the State-Space Model, the arrows between the latent
and observed variables are inverted. In particular, it is a generalization of the Kalman
Filter algorithm, in which the assumption of independence between the observed variable
at time ¢t and the latent variable at time ¢t — 1, given the latent variable at time ¢, is
removed. Also this method relies on recursive prediction steps.

To analyse the importance of the external variables in the creation of the forecasts, an
order one Vector Autoregressive model is introduced, which will serve as a benchmark.
This model is constructed solely over the series of latent variables, and does not take
into consideration the additional observed variables.

All the models that were described rely on estimated Gaussian distributions, and the
parameters of these distributions will be inferred using the exponentially weighted least
squares method. In particular, the parameters are learnt recursively, and this permits
to update the estimates for each new observation that becomes available. Furthermore,
thanks to the hyperparameter present in the weights, it can be used to dynamically
adapt to changes in consumption patterns. To handle the intrinsic differences between
each hour of the day and between work days and non-work days, specific calendar-type
sets of parameters have been created. This means that the parameters from the different
distributions are now calendar-type specific.

To study the accuracy of the different forecasts, the ISO New England dataset has
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been chosen. An exploratory analysis of the variables of the dataset and the relationship
between the load and the temperature has been conducted. From this examination, it
is clear that the load between two consecutive hours can be modelled using a simple
linear model, and that there exists a polynomial relationship between the load and the
temperature. Furthermore, the knowledge of the season for which the forecast is created
can additionally enhance the relationship between load and temperature.

The first case scenario in which the forecasting techniques have been applied is for
the prediction of the aggregated load. It has been observed that the distinction between
workdays and weekends improved the forecast significantly. Furthermore, the polyno-
mial relationship between load and temperature was found beneficial also for the load
forecasting algorithm, by decreasing the error scores by more than 35%, with an addi-
tional 6% decrease than can be reached by considering also a winter dummy variable.

To enable the parameters’ adaptive learning, different values for the weight hyperpa-
rameter have been studied. It was found that in general, if the temperature is considered
linearly, the tuning of A can improve the forecasts greatly. If instead the temperature
is included in the model in a polynomial form, the results are generally good and the
tuning only leads to small gains in accuracy. In this case, the biggest improvements
have been observed for MAPLF and Kalman Filter, because the fact that there are two
hyperparameters to tune gives more space for refinement. It should be noted that when
tuning the hyperparameter, MAPE, RMSE and Pinball loss pointed to values for A that
were smaller than 1, while the Logarithmic score performed better when A was close to
1.

In a second analysis, the forecasting techniques were applied to the multivariate load
time series. At first, it has been found that the usage of subregional temperatures did not
improve the forecasts by a significant amount. Therefore, a global temperature variable
turned out to be a much simpler and more efficient choice. This indicates that the global
temperature contains the necessary information for subregional load prediction and that
in this dataset, there is no big difference between the subregional climates. Moreover, the
difference between independent and correlated models has been briefly studied, show-
ing that the relationships between the different subregional loads positively influence
the predictions, allowing the models to perform more accurate predictions. Also for
multivariate load forecasting, using the temperature as a cubic polynomial increases sig-
nificantly the precision of the predictions. When the temperature is considered linearly,
the simpler VAR model is generally performing better according to all four scores. On
the contrary, the use of polynomial temperatures enables Kalman Filter, MAPLF and
Inverted SSM to reach error scores that are around 20% lower than the ones for the VAR
model according to MAPE, RMSE and Pinball loss. It follows that for multivariate point
forecasts and for the probabilistic predictions for each region, these three methods are
performing better. One interesting observation is that by looking at the Logarithmic
score, even with the cubic temperatures, the VAR model is the most accurate method
for prediction. This may be determined by a more correct prediction of the correlation
structure given by the Vector Autoregressive model forecasts.

Finally, a study on how different forecast horizons may influence the accuracy of
the predictions was conducted. First, one-hour ahead forecasts were analysed, and all
techniques produced very accurate predictions, with Inverted SSM that proved to be the
best algorithm according to all four evaluation metrics. Afterwards, two weeks ahead
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forecasts were examined. According to MAPE, RMSE and Pinball loss, the best fore-
casting algorithm was MAPLF, and the VAR model showed poor accuracy scores. This
indicates that the temperature variable is a highly informative variable for electricity
load prediction. Nevertheless, the VAR model achieved the best accuracy according to
the Logarithmic score.

Looking at these results, we may conclude that Kalman Filter, MAPLF and Inverted
SSM are reliable forecasting methods, but require an additional study regarding the re-
lationship between the load and the additional observed variables. The VAR model, on
the other hand, is a stable algorithm that permits obtaining good results even with-
out this exploratory analysis. Furthermore, for multivariate probabilistic forecasts, this
model may be preferred, since according to the Logarithmic score, it is able to forecast
the correlation structure more accurately.

A further study using other multivariate probabilistic metrics may be conducted,
in order to conclude if the VAR model is always better at predicting the multivariate
distribution. Furthermore, a more in-depth analysis of the structure of the predicted
covariance matrix could show how the different methods estimate the correlations, and
an investigation into the structure of the corresponding precision matrix may highlight
the partial correlation structure between the subregional loads. This could lead to the
conclusion that it may be more efficient to estimate clusters of subregions independently;,
instead of all subregions together.

It should be taken into consideration that many conclusions are data-specific, which
means that the results may change using different datasets. Furthermore, the type of
dataset used is also important. For example, if multiple energy types should be forecasted
instead of multiple regions, the impact of the correlations may change significantly.
To this scope, it would be interesting to analyse the effects of these algorithms when
forecasting renewable energy availability instead of demand, since the high dependence
that renewable energy sources have on weather conditions may be modelled through the
state-space framework defined in this thesis.

The study about the hyperparameter A did not highlight the necessity of dynamic
parameter learning when the cubic relationship between load and temperatures is con-
sidered. Nonetheless, since each calendar type has its own set of parameters, a further
study may be conducted into hour-specific or day-type-specific hyperparameters. This
will definitely increase the effort for parameter tuning, but it may capture certain hour-
specific characteristics.

Finally, another interesting field of study may be the use of these models for hi-
erarchical clustering. In fact, the enhanced predictions determined by the correlated
multivariate models may improve the prediction of the aggregated forecast.
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Appendix A

Appendix

A.1 Proof of lemmas

In this appendix, the proofs for the three lemmas concerning multivariate normal dis-
tributions are presented.

A.1.1 Lemma 2.2.1

Lemma 2.2.1 (Conditional distribution of a Multivariate Gaussian distribution). Let’s
consider a multivariate Gaussian distribution of the form

X ~ N, 1231 Y Yo

Y k1+ko Lo ) 221 222
where X has dimension ki and Y has dimension k.
Then, the conditional distribution of X given Y 1is:

XY =y~ Ny (11 + Z12555 (¥ — ), Z11 — B12555 5a1)

Proof. Let’s start the proof by observing that

p(X,Y)
p(X|Y) =
X =0
_1 -1
_kitky |Xgy M| ? 1 (X — ! Y1 Y12 X — My
2 e —=
(2m) Y1 X Xp( 2 [y—lh Y1 Yoo Y — M2

k _1
(27)_722222 exXp (—%(y - Nz)tz);zl (y — HQ))

Let’s call the target mean n = p; + 21535 (y — t) and the covariance I' = ¥y, —
21222_21221. We have that Yo and I' are invertible. From this, for the blockwise matrix
inversion formula, we have

ITED Y _ r-! SR NP
Yo1 Zop| | =Ep Yl N5 4 SN TTIY N0
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Let’s now look at what we have inside the exponential on top.

x— py]" r 7185, X =
[y - MJ [—22_21221F_1 Sy + Z2_21221?121222_21} L’ - NJ
= (x = ) T = pg) = 2(y — ) Ty Bon T (x — puy)
(7 — 1) (Z5 + E2_2122111_121222_21)(Y )
= xT7'x = 2pi T ' + Ty — 2(y — )" 855 By T 'x
+2(y — p2) Ty T I gy
F (Y = 1) B T DT B0 80 (v — o) + (v — p2) i (v — p2)
=XT'x = 20T '+ 9T g + (v — 1) S5, Son T 'y
+ (Y = 1) (v — p)
= (x=—)THx =1+ — 1) (y — 1)

Furthermore, we have that

211 Z12

=1I'l - |¥
221222 ’|’22|

Now, putting everything together, we have that p(X|Y) is equal to

(2m) <|F| [ S| ) "2 exp (40— )T x = ) + (v — 1) S (y — o))
|30 €xp (_%(y - N2)t22—21(y - NQ))

= 2 # I ewp (50— )T x - )

A.1.2 Lemma 2.2.2

Lemma 2.2.2 (Product of Gaussian pdfs of related variables). Let’s consider two mul-
tivariate normal probability distribution functions of the form:

b ¢k1 (Xa My, Zl)

o On, (v MX + 1y, o)
Then, we have that the product between these two pdfs is equal to:

¢ X . l’l’l Z]1 ElMt
(k1+k2) y ) Ml'l'l + 1, ) MEI 22 i leMt
Proof. Let’s start by looking at the target pdf. The part inside the exponential is:
1 X — T Y M! - X —
2y — Mpy — po| | M, 3o+ MM y — Mp, —
Let’s first compute the inverse of the covariance matrix. To do this, we will use the

properties of the inversion of block matrices. In particular, we have
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e Y is invertible;
® (22 + MZlMt) — MZl(Zl)ilglMt = EQ + MZlMt — MZlMt = 22 is invertible.

It follows that

P ¥ M R DOFRINED ot VL0 Sl V5 57D v S 30¥ V0 e
MY, S+ MS M|~ Syt ME, e 5

I DRV Ve VR V6 Ve

B —S'M I

We can return to the exponential:

2y — Mpy — py _22_1M E2_1
1

= [l ) (5 M) () 20— ) MUy — Mty — )

+(y—Mpy — o)’ S5y — Mpy — m)}

_1{ X — }t{EIWMtE;lM —M%‘IH X — py 1

The first term can be rewritten like

(x — Nl)tzfl(x — ) +(x — Nl)tMtzglM(X — 1)
and the last term like

(y = Mx — py + M(x — py)) S5 (y — Mx — py + M(x — py))

=(y — Mx — “2):522—1(}, — Mx — py) +2(x — Hl)tMtEEI(y — Mx — py)
+(x = ) M M (x — )

= (y = Mx — po)'S5 M (y — Mx — py) +2(x — ) M'S5 1 (y — My — pa,)
—(x— Nl)tMtzglM(X — )

Substituting the terms above, we have that some parts simplify out and in the exponen-
tial we are left with

1 N _
D) ((X - Hq)tzl 1(X — ) + (y — Mx — N2)t22 l(y — Mx — N2))

Let’s now look at the determinant of the covariance matrix. For the properties of
block matrices and the previous observations, we have

b Y M?

MY, S+ MM~ 2] - 22|

With these properties, the lemma follows naturally.
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A.1.3 Lemma 2.2.3

Lemma 2.2.3 (Product of Gaussian pdfs of the same variable). Let’s consider two
multivariate normal probability density functions of the form:

o O(x; py, 1)
o Ok(X; Hy, Xo)
Then, we have that the product between the two pdfs is equal to:
Or (X *, 57) - dr (s o, B1 + o)
where 3 = (871 4+ 5517 and pr = (27 + 250 7 (S ey 4 25 ).

Proof. First, we can notice that if we multiply the two pdfs directly, we obtain

2] [5al) e (16— ) B0 )+ ()55 )]

Let’s now focus on the part inside the exponential. By expanding the products and
isolating the part that contains x:

1
—5 T T )X = 20T+ Ty )X+ N e+ Ty
From this we can notice that the covariance matrix of the distribution regarding x will

be ¥* = (¥7' + X;1) ' Let p* be the mean of this distribution. We have that the
distribution of x will have

(x = ") (5) 7 Hx = p") = x(3) Tx = 2(p”) (57) e+ () (2 T

inside the exponential.
From this we have that, equalizing the parts that depend on x linearly

iS4 syt = () (E) !

and consequently
p= (0T ) TS e N )

We know that the distribution of x is
1
o O ) = (2 (1) e (-5 () - )

and therefore we can rewrite the product of the two distributions as

* gk k/2 |21||22| e 1 ty—1 ty—1 *\t g\ —1, ok
or (x; ", X%) - (2m) W eXp\—35 [ﬂ’lzl P+ By ey — (p7)(X7) 7 }
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Let’s now focus on the quantity in the exponential and see if something simplifies out.
First, we can expand (p*)!(X*) "' p*:

(ST + s T+ 5 ) T T DS 3 T ey + 5 )
= (ST + S (ST ) T ey + 25 )
= S (S ) TS ey + (T + ) T ey
+ S (ST S ) TS ey + (BT 4+ 5 ) TS ey

Looking at formula (163) from Petersen et al. (2012), we have that
(ST =SS 4 2) T S = (T 4+ X0) 7'
hence the previous element becomes

PN 0 (51 4 B2) g + ph (S 4 B2) TS5 g
+ ] (51 + B0) g 4 ph (S0 + B0) Ty

Now we can notice that
ST (C + ) = (4 S - ) (E - S) = - (B 4 E)

and analogously
1+ %) '8 =8 = (B + )7

Summarizing the operations, we have

(")) " = pd ST ey + pb S5 ey + (S04 B2) 7 ey ph (51 4 B2)
— (51 4 B0) Ty — b (51 + o)y
= Mz‘izflﬂ1 + u;Egl;LQ - (,Uq - N2)t(21 + E2)7101/1 - HQ)

Looking back at the quantities inside the exponential, we have that many quantities
simplified out, and what is left is:

1

exp (=3 [l = /(51 4+ 52— 1))

Finally, if we look at the fraction between determinants:

Zal- B [ B [X1] - 3]
2] X1 (X0 4 Bo) 10| [+ [+ B[ - [y
= X1 + 3]

From this, the lemma follows naturally.
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A.2 Parameter learning

When doing multivariate load forecasting, the data that is available consists of two
multivariate time series. In particular, time series

e {s;} that consists of load historical data at time t = 1,2,...,T;

e {y;} that consists of the observational data. At time ¢t = 1,2,...,T it consists of
historical data, but additional observations at time t =T 4 1,...,T 4+ R are also
present.

Furthermore, using the calendar types that have been defined in section 2.1.3, a
unique map c: {1,...,7 + R} — A can be created, that maps each time point to the
corresponding calendar type.

With this map, calendar type-specific time series can be defined. For a certain k € A
the

e load data is {sf} = {s; : ¢(i) = kand 1 < i < T} = s’f,...,sﬁk, where ny, is

the total number of load samples belonging to calendar type k£ and the loads are
ordered in chronological order;

e observation data is {yf} = {y; : ¢(i) = kand 1 <i < T} = y},...,yk . In this
case, only the historic observations until time 7" are considered.

This new partition of the data can now be used for parameter learning.

A.2.1 Kalman Filter

The goal of parameter learning for Kalman Filter is to infer the set of parameters
{AF oF, QF, B* B RF}. This will be done for each k € A independently.

Transition distribution parameters

For calendar type k, the transition distribution is
Xf‘Xt,1 = X—1 "~ Nd(Akthl + aku Qk)

with parameters A*, o* and Q.

The parameters will be learnt recursively. Since the regressor variable consists of
one-step past information, the first observation will be skipped. This means that the
response variable data for calendar type (1) will be {x*"} = x5W ... ,Xfl(cl()l).

Returning to a general calendar type k, the response variable data will be {x}} =
xh .. ,Xflk. The regressor data will instead consist of observations of a one-time step
before in the original time series. For example, when considering hourly observations,
for all the hours apart from 1 a.m., the regressors consist of {x{ '} = x¥~! .. ,xﬁ;l.
For the situation during 1 a.m., the situation is slightly different. When the day type
is not considered in the calendar type, the series to be used is {x7*} = x3*,... x2!. If

instead the day type is considered, the regressor is given by the 24-th hour of the day
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type of the previous day. In general, the regressor series of the previous time step will
be denoted by {pf} =pf,...,p} .

To start the recursion, the support structures H}, J¥, K§ and ~} are initialized to
zero-matrices of respectively dimensions (d + 1) x d,(d + 1) x (d 4+ 1),d x d and 1.
Furthermore, the value of A > 0 is chosen, in general such that A < 1.

Then, looking at the recursion from chapter 2.6.4, the parameters are found recur-
sively for j = 1,...,ng. First, the support structures are updated

1
o H - M (x5)! + A

J v
J
JE= 2 b+t
* T |pk (L (P)] + AT}
J
o KF=xh(xh)!+ K},
’7]1?:1*‘)\7]’?—1

and then the parameters are retrieved from the support structures via

And it can be rewritten as

o ol )= ()

J
e _ 1 k B\t Ak Ak
* Q5= F <Kj — (H})" [ AY] )
As analyzed in the corresponding chapter, the parameters can be computed only
after a few iterations, since at the beginning the matrix Jj”-c is singular.

Emission distribution parameters

The emission distribution is
Yf\Xt =Xy~ Nd(BkXt + 8", Rk)

with parameters B*, 8 and R*.

In this case, the response variable data consists of the series {y*} = y*, ... ,nyk and
the regressor data of {x}} = x},... ,x} .

Like before, to start the recursion, the support structures Hp, J§, K} and ~4 are
initialized to zero-matrices of respectively dimensions d X p,d x d,p x p and 1. Further-
more, the value of A > 0 is chosen. For simplicity, the same notation as in the transition
distribution is kept.

Then, for 7 = 1,...,n, the support structures are updated
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1
o HF = L{ﬂ (y;?)t + )\Hf_l

J

« Ji= [14 [T ()] + AT

X

o Ki=yj(y})' + K},
. ”Yf =1+ )\7;?—1

and the parameters become

A.2.2 MAPLF

Let £ € A. The parameters for the transition distribution are learnt using the same
equations as for the Kalman filters.

Emission distribution parameters

The emission distribution is
Xf|Yt =y ~ Nay(DFy; + 8", P

with parameters D¥, §* and P*.

In this case, the response variable data consists of the series {xF} = x%, ... ,Xflk and
the regressor data of {y}} = y{,...,yk .

Like before, to start the recursion, the support structures HY, J§, K} and % are ini-
tialized to zero-matrices of respectively dimensions px d, p x p,d x d and 1. Furthermore,
the value of A > 0 is chosen.

Then, for j =1,...,n, the support structures are updated

1
o HF = {yk] (xk)t + AHE
J

« Ji= [14 (1 ()] +MTE,

J

o KF =xF(xk)+ K},

e Y =14+XMF,
and the parameters become

=

J

~

o P =y (K- g 1T)

J v J J
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A.2.3 Inverted SSM

Let k € A.
The distribution is

k k k k k
s ([ 5], )

with parameters A*, B oF €*QF, S* and U*.
To learn the parameters, let’s rewrite the distribution as:

k k k k k
GO o473 | AR ey

xF xk xF
In this case, the response variable data consists of the series { [ }2} } = {y}g] s [yzk]
t 1 ng
and the regressor data of the previous load observation {p}} = p¥,... ,pﬁk. We must

also notice that, like for the transition distribution of the Kalman Filters, also here we
must skip the first observation.

To start the recursion, the support structures HE, J§, K& and ~% are initialized to
zero-matrices of respectively dimensions d x (d + p),d x d,(d + p) X (d + p) and 1.
Furthermore, the value of A > 0 is chosen.

Then, for 7 =1,...,n, the support structures are updated

o atp = ] 1o o),

|

J

|

o =[] 1 o e

J

L wnn e,

1
k
J

b

° ’yJ]‘? =1 —1—)\7]’-“71

and the parameters become

~
~

k
) A
€;

N A t
QUK . oy [ Ak
0 T R S A D P

J

[ ] A

| = i

S
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A.3 Evaluation metrics for subregional independent

models

In this subsection, we show the tables corresponding to the evaluation metrics for inde-
pendent models. This means that the training and forecasting steps are applied to each

component separately.

Global temperatures

The first table shows the scores when the observed variable contains the couple formed
by the dry bulb and dew point global temperatures.

| | ME NH VI CT RI SEM WCM NEM | Mean |
| [ MAPE |
MAPLF | 125 96 94 112 104 144 86 133 [ 11.2
KF 117 85 99 94 99 134 73 119 | 102
Inv. SSM | 99 66 85 68 75 96 56 92 [ 80
VAR 97 72 71 75 70 96 64 101 | 81
| | RMSE -10° |
MAPLF | 705 615 644 644 595 6.64 577 636 | 6.35
KF 6.97 541 726 565 560 627 491 547 | 5.94
Inv. SSM | 6.05 436 622 424 431 464 397 443 [ 478
VAR 531 435 462 432 386 429 420 461 | 445
| [ Pinball loss 10 |
MAPLF [ 256 212 232 232 205 231 203 214 | 223
KF 243 183 248 193 1.88 210 170 1.82 | 2.02
Inv. SSM | 2.07 144 210 142 145 154 133 145 [ 1.60
VAR 190 151 164 151 132 146 147 155 | 154
’ H LogScore ‘
MAPLF [ -0.73 —0.66 —0.87 —0.63 —0.82 —0.60 —0.84 —0.68 | —0.73
KF —1.38 —1.59 —1.20 —1.52 —1.56 —140 —1.72 —1.56 | —1.49
Inv. SSM | -1.58 —1.87 —148 —196 —197 —186 —2.02 —1.81[-1.82
VAR | -156 —1.71 —1.76 —1.71 —1.95 —1.77 —-179 —171| 175

Table A.1: Scores, Subregional independent models with global temperatures
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Subregional temperatures

The second table shows the scores when the observed variable for each regional model
contains the couple formed by the dry bulb and dew point regional temperatures. Fur-

thermore, the mean column also shows the difference from the previous table.

’ H ME NH VT  CT RI SEM WCM NEM Mean
| | MAPE
MAPLF 12.6 9.6 9.4 11.1 10.4 14.5 8.6 13.5 | 11.2(40.3%)
KF 11.2 8.6 9.9 9.5 10.2 13.8 7.4 12.2 | 1044109
Inv. SSM 9.5 6.7 8.7 6.8 7.7 10.0 5.8 9.4 8.1(41.3%)
VAR 9.7 7.2 7.1 7.5 7.0 9.6 6.4 10.1 8.1
| | RMSE -10°
MAPLF 7.11 6.13 6.37 6.41 5.94 6.63 5.74 6.34 | 6.33
KF 6.59 5.42 7.23 5.69 5.70 6.36 4.99 5.54 | 5.94
Inv. SSM | 5.73 4.37 6.32 4.22 4.41 4.75 4.04 4.47 | 4.790.2%)
VAR 5.31 4.35 4.62 4.32 3.86 4.29 4.20 4.61 4.45
| [ Pinball loss -10?
MAPLF 2.58 2.12 2.30 2.31 2.06 2.31 2.02 2.15 2.23(0%)
KF 2.31 1.85 2.47 1.94 1.94 2.15 1.73 1.87 | 2.03(;0.5%)
Inv. SSM | 1.98 1.45 2.12 1.42 1.49 1.59 1.36 1.47 | 1.6106%)
VAR 1.90 1.51 1.64 1.51 1.32 1.46 1.47 1.55 1.54
] H LogScore
MAPLF || —0.72 —-0.66 —-0.88 —-0.63 —-0.82 —-0.60 —-0.86 —0.69 —0.730
KF —146 —1.58 —1.17 —-150 —1.52 —-137 —1.70 —1.53 | —1.48 )
Inv. SSM || —1.65 —-186 —1.44 —-195 —-193 —-1.83 —1.99 —1.82| —1.81 00
VAR -1.56 -1.71 -176 -1.71 -195 -—-1.77 —-1.79 -—-1.71 —1.75
Table A.2: Scores, Subregional independent models with subregional temperatures
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A.3. Evaluation metrics for subregional independent models

Cubic temperatures

The third table shows the scores when the observed variable for each regional model
contains the dry bulb and dew point global temperatures, and the respective quadratic
and cubic terms. In addition, also the winter dummy variable is added to the model.

’ H ME NH VI  CT RI SEM WCM NEM \ Mean \
| | MAPE |
MAPLF 9.1 5.2 6.0 6.1 5.3 7.2 4.5 7.3 6.3
KF 9.3 5.4 6.5 6.0 5.4 7.0 4.6 7.7 6.5
Inv. SSM 8.1 4.5 6.0 4.8 4.5 5.7 3.7 6.5 5.5
VAR 9.7 7.2 7.1 7.5 7.0 9.6 6.4 10.1 8.1

| | RMSE -10?
MAPLF 4.72 3.10 3.95 3.32 2.95 3.04 2.78 2.98 3.35
KF 5.19 3.18 4.35 3.42 2.96 3.04 2.89 3.01 3.50
Inv. SSM 4.81 2.87 4.10 3.01 2.62 2.67 2.54 2.64 3.16
VAR 5.31 4.35 4.62 4.32 3.86 4.29 4.20 4.61 4.45
| [ Pinball loss -10?
MAPLF 1.75 1.06 1.42 1.21 1.01 1.08 0.99 1.08 1.20
KF 1.86 1.09 1.57 1.21 1.03 1.07 1.02 1.11 1.25
Inv. SSM | 1.67 0.93 1.45 1.01 0.87 0.90 0.84 0.95 1.08
VAR 1.90 1.51 1.64 1.51 1.32 1.46 1.47 1.55 1.54
’ H LogScore ‘
MAPLF || -121 -1.60 -151 -—-157 —-1.88 —-183 -—-1.87 —-1.76| —1.65
KF -1.17 —-164 —-137 —-158 —-195 —-190 —-1.86 —1.81 | —1.66
Inv. SSM || —-1.32 —-1.67 -—-1.52 -—-1.72 -2.07 -2.03 —-197 —-188| —1.77
VAR —-156 -171 -17%6 -171 -195 -1.77 -—-1.79 —-1.71| —1.75

Table A.3: Scores, Subregional independent models with cubic global temperatures
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